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Zusammenfassung

Ein klassisches Ergebnis zur Existenz und Eindeutigkeit von Losungen gewohnlicher Differen-
zialgleichungen ist der Satz von Cauchy-Lipschitz. Wir betrachten die Differenzialgleichung
4 = b(t,¥(t)), wobei b : [0,T] x R? — R? ein Vektorfeld ist und eine Anfangsbedingung
7(0) € R? gegeben ist. Fiir die Eindeutigkeit von Losungen ist eine zentrale Voraussetzung
des Satzes, dass b Lipschitz-stetig in der rdumlichen Variable ist. In einigen Anwendungen
ist diese Regularitdtsannahme jedoch nicht erfiillt, beispielsweise in der Strémungsmechanik.
DiPerna und Lions [DL89| haben den Satz von Cauchy-Lipschitz auf weniger regulére Vektor-
felder verallgemeinert. Der klassische punktweise Losungsbegriff wird hierbei durch Regular
Lagrangian flows ersetzt. Ziel dieser Arbeit ist es, die Theorie von DiPerna und Lions mit
detaillierten Beweisen vorzustellen, sowie Anwendungen und Gegenbeispiele zu zeigen.

Die Methode von DiPerna und Lions basiert auf der Analyse einer zugehorigen Trans-
portgleichung. In Abschnitt §2] entwickeln wir die Theorie renormalisierter Losungen fiir die
Transportgleichung. Daraus werden in Abschnitt §3] Existenz- und Eindeutigkeitsergebnisse
fiir die gewohnliche Differenzialgleichung 4 = b(t,y(¢)) hergeleitet. Abschnitt behandelt
Anwendungen auf die zweidimensionale Eulergleichung. Zuletzt diskutieren wir drei Gegen-
beispiele in Abschnitt §4]
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1 Introduction

Consider the ordinary differential equation

A(t) = b(t, (1)) for every ¢t € (0,T) (1.1)
7(0) = ° for some z° € RY '
Here, T' > 0 is a real number and b : [0,7] x R? — R? is a (possibly) time-dependent vector
field. The classical existence and uniqueness result for (1.1]) is the Cauchy-Lipschitz theorem.
We denote by Lip(+) the Lipschitz constant of a Lipschitz-continuous function. The following
is a global version of the theorem:

Theorem 1 (Cauchy-Lipschitz). Let b : [0,T] x RY — R? be measurable. Assume that b(t)
is Lipschitz-continuous on R? for every t € [0,T] with Lip(b(t)) € L*([0,T)). Then, for every
20 € R?, there exists a unique absolutely continuous solution ~ : [0,7] — R? to .

A natural question is whether the assumption of Lipschitz-continuity can be weakened. In
[DL89], DiPerna and Lions extended the above result to vector fields that are not Lipschitz-
continuous, but only belong to a Sobolev space. However, their results are of a different
kind than Theorem : While Theorem [1] provides uniqueness for every initial condition z°
individually, in the more general setting we only get uniqueness by adding some additional
information over all initial conditions.

1.1 Flows with controlled compressibility

We will see that there exists a unique regular Lagrangian flow X : [0,T] x R? — R? under
suitable assumptions on b. In the following, m® denotes the d-dimensional Lebesgue measure.
If f:R? — R? is measurable, we denote by f#md the pushforward measure of m? along f,
ie. fam?(A)=mi(f~1(A)) for every m?-measurable A C RY.

Definition 1 (Regular Lagrangian Flow). Let b : [0,T] x RY — RY. A measurable function
X :[0,T] x RY — R? is a regular Lagrangian flow for b if

F1) for m?almost every = € R% the map t — X(t,) is an absolutely continuous solution
of (1.1)) with 2° = =,

F2) there exists a K > 0 such that
X(t,-)gm? < Km? for every ¢ € [0, 7).

The constant K is called the compressibility constant of X.

This is a common definition, see e.g. |[CLO§|, p. 15 or |AT17|, p. 731. Property is
the additional information over all initial conditions mentioned above. The following example
shows that uniqueness can fail pointwise, but still there is a unique regular Lagrangian flow.

Remark 1 (Uniqueness of regular Lagrangian flows). We say that regular Lagrangian flows for a
vector field b are unique, if any two regular Lagrangian flows X and Y satisfy X (-,z) = Y (-, z)
for almost every z € R

Ezample. Take d =1, b(t,x) = +/|z|, and 2° < 0. Then, for every a € [0, 00|, the following
is a solution to (|1.1)).

—(t/2 — V/—a0)? if t <2v/—20

Ya(t) = € 0 if 2/ =20 <t <2v/—20 +a (1.2)
(t—a)/2—V—=29)?% ift>2/-20+a



Informally speaking, since b is not Lipschitz-continuous, the solution is able to reach the point
0 and may stay there indefinitely. However, this is the only obstruction to uniqueness in this
example. If we require that a solution v satisfies

m!({t € [0,T]: 7(t) = 0}) = 0,

then the only solution to (1.1)) is v, with a = 0.
Now suppose that X : [0,7] x R — R is a regular Lagrangian flow for b. By [F2)|
m! (X (t,-)71(0)) = 0 for every ¢ € [0,T]. Therefore

m?({(t,z) € [0,T] x R: X(t,z) =0}) = 0.

By Fubini’s theorem, this implies that m!({t € [0,7] : X(t,z) = 0}) = 0 for almost every
x € R. Hence, for almost every x € R, X (-, z) must be equal to v, from ([1.2) with a = 0 and
29 = x. This shows that X is unique in the sense of Remark

1.2 Flows in the Lipschitz case

For later reference and to motivate we collect some properties of the flow map in the
classical setting. We assume that b(t) is Lipschitz-continuous on R? and Lip(b(t)) € L([0, T)).
Then, by Theorem [1} there exists a map X : [0,7] X R? — R? such that for every z € R?,
X (-, x) is the unique absolutely continuous solution to with 20 = .

The first observation is that for all z,y € R?

%\X(t, z) = X(t,y)| < [b(t, X (¢, 2)) = b(t, X(t,y))| < Lip(b(t))|X (¢, 2) = X (¢, 9)|.  (1.3)

Hence, by Gronwall’s inequality (see [EvalOl p. 708|),
t
X (t,2) — X(t,y)] < Dz —y), where ((t) := / Lipb(s)ds. (1.4)
0

By reversing time, we can also show a similar reverse inequality. Let ¢ty € [0,7] and Yo :
[0,20] x R — RY be the flow map of —b(tg — t, ). Since

d

aX(to - t, :E) = —b(to - t, X(to - t, LE)) and X(to - t, .T)‘t:() = X(to, .’E),

both X (tg — t,x) and Y%(t, X (to,z)) are solutions to (1.1) with the vector field —b(tg —
t,z) and initial condition X (to,x). By uniqueness of solutions to ([I.1)) in the Lipschitz case,
Y(tg, X (tg,x)) = x for every x € R% Hence X (tp) : R? — R? is invertible. Moreover, by
applying the computation in (1.3) to Y for every ¢y € [0, 7],

e Oz —y| < |X(t,2) — X(t,y)] < Dz —y| for all z,y € R% (1.5)
The lower bound in ([1.5) shows that holds with compressibility constant

K = exp (d||Lip b(t)l| 11 (o.7)) -

The compressibility constant of X can be improved to depend only on the divergence of
b. For this, we assume in addition that b € LL ([0,7] x R%). We claim that the measure

loc
u(t) == X (t)gm? satisfies the following equation in the distributional sense:

dp
dt

To prove this, let ¢ € C°([0,T) x R?). Then, by the chain rule

+ div(bu) =0 on (0,T) x RY, pili—o = m? on RY (1.6)

%(qﬁ(t,X(t,x))) = 96(t, X (t,2)) + b(t, X(t,2)) - Vé(t, X(t,z))  for ace. t € (0,T).



Integrating over [0, 7] x RY yields

T T
= ) ¢(0,2)dx = /0 y Oo(t, X (t,x)) dx dt + /0 /Rd b(t, X (t,x)) - Vo(t, X (t,x))dxdt

By (1.5)), these integrals are well defined. By definition of the distributions in (|1.6]),

d T
d%‘m - —/0 g Bio(t, X (t,x)) du dt

and
T
div(bp)[] = —ulb - Vo) = —/0 /Rd bt X (1, 2)) - Vot X (1, 2)) da dt

Therefore, (|1.6) holds.
Next, we look at the density of u(t) with respect to m?. By (1.5, u(t) is absolutely
continuous and p(t) = h(t,-) dm? for some h € L>=([0,T] x R?). Then also

dh
= +div(bh) =0 on (0,T) x RY,  hli—o=1 onR? (1.7)

in the weak sense, since h is the same distribution as u. Now, we use the fact that weak
solutions of the continuity equation ((1.7)) in L>([0,T] x ]Rd) are unique. This is not clear from
the discussion so far, but it will be a consequence of the results in section Therefore, h
satisfies the following ODE along the characteristics of b:

%(h(t,X(t,m))) — h(t, X (t,2)) divb(t, X (£, 7))

The assumption Lip(b(t)) € L*([0,T]) implies divb € L'(0,T; L>®(R%)). Thus, by Gronwall’s
inequality,

t
e PO < n(t,z) < PO, where D(t) ::/ [div b(s)|| 00 (ray ds -
0

By definition of A, this implies
e Plmd < X(t)gm? < ePOmd for all t € [0,T]. (1.8)

Thus, the divergence of b controls the rate of contraction and expansion of the flow X.

Remark 2 (Local flows). Corresponding results hold if b belongs only to L1(0,T; VV&)’COO (RY)).
In this case, by the local version of the Cauchy-Lipschitz theorem, for every compact set
K C R, there exists a 0 < T < T and a map X : [O,T] x K — R% such that for all z € K,
X (-, z) is the unique absolutely continuous solution to with 20 = 2.

The analogue of is that for all z,y € K and t € [0, T]

t
e—é(t)‘x _ y‘ < ‘X(t, l’) _ X(t,y)] < ef(t)’x _ y‘, é(t) = / Lip (b(S)‘K/) ds. (1.9)
0

Here, K’ C R? is a compact set, for example K’ = X ([0, T] x K).



2 The transport equation

The ODE (|L.1]) is closely related to the following linear transport equation.

{3tu—b~Vu+cu—0 in (0,7) x R (2.1)

ult—o = u° in RY

Equations (|1.1)) and (2.1) are connected via the theory of characteristics, which will be ex-
plained in the proof of Proposition . We consider solutions u € L>(0,T’; L1 C(Rd)) for some
1 < p < 0o and understand (2.1)) in the distributional sense, that is,

T T
— — 0 . 1 —
/O/Rduatqﬁdx dt /Rdu #(0, z) dm—i—/o /Rd u(b-Vo+ (divb+c)¢p)dedt =0  (2.2)

for every ¢ € C°([0,T) x RY). For (2.2) to make sense, we assume v’ € LL (R%), b €
LY0,T; L] (R%RY)) and ¢, divb € L(0,T; LL (R?)), where 1/p+1/q = 1.

~ We will use the following notation frequently: We say that u is a solution to (2.1]) with
(b, &, @), if u satisfies |D where b, ¢ and u° are replaced by b, ¢ and @°, respectively.

2.1 Existence

Before proving the existence of solutions to (2.1)), let us introduce some notation. We denote
by C}(R%R™) the space of C'!-functions for which the norm

1fllep agmy = 1Nl oo maemy + 1D F 1| Lo (magrmay

is finite. The norm on R™*? is the operator norm of linear maps R? — R™. We write
CH(R% R™) for the subspace of compactly supported functions, equipped with the same norm.

For z € R? and R > 0, we denote by Br(x) := {y € R?: |z — y| < R} the ball of radius
R centered at . We sometimes abbreviate Br(0) by Br. We also sometimes abbreviate
L7(0,T; LP(R%)) by LTLL and C([0, T); IP(RY)) by CiLE (1 < 7,p < o).

In the proof of existence of weak solutions to the transport equation , we will approx-
imate b by a sequence of vector fields b, € L*(0,T; C}(R% R9)). The next lemma shows that
this is possible while controlling the divergence of b,, uniformly.

Lemma 1. Let 1 < g < o0 and b € L*(0,T; LY (R R?)). If divh € L'(0,T; L=°(R?)), then

loc

there exists a sequence of vector fields b, € L'(0,T; C}(R%GR®)) such that

by — b, divb, —divb  in L'(0,T;LL _(R%) as n — oo, (2.3)

loc

and
[div br ()| oo (ray < Cldiv b(E)[| foo (ray for a.e. t €[0,T7, (2.4)
for some constant C independent of b.

Proof. Let p. be regularizing kernels defined by
pe(x) := e 4p(x/e) fore >0, for some p € CZ(R?), p >0, /]Rd pdxr =1. (2.5)
Also, let ng be smooth cutoff functions defined by
nr(x) = n(|z[/R) for R >0,

(2.6)
for some 1 € C2%([0,5)), 1 <0, nljgzq = 1, supp € [0,2).



We set by, = (bxpy /n)nn. The symbol “*” means convolution only in the spatial variable. This
will always be the convention. Since g < 0o, by standard properties of convolutions

by, — b, divb, —divb  in L*(0,T;L{ (RY)) as n — cc. (2.7)
However,
div b, = (div b * P1/n)Mn + (0% p1yy) - Vi, . (2.8)

Due to the second term, (2.4) need not hold for Z)n In fact div b, (t) need not even be bounded
in L>®(RY) for any t. Thus, we have to modify b,,.
Let

(0= [ (b pr)- s,
Rd
Also, let ¢, € C°(Bay, \ By) such that [ ¢, dr =1 and ||(y]| e < 2/m4(Bay \ By). We set

falt,x) = (bx* Pl/n) Vi — Ln(t)Cn(z) -

Then f,, € L*(0,T; L=(R?)) and f,,(t,-) € C=°(Bay \ By) for a.e. t € [0,T]. Furthermore
/ fu(t,x)de =0 for a.e. t € [0,T].
B?n\Bn

Let L3(Bay, \ By) be the subspace of functions f € L?(Ba, \ By) such that [ fdz =0. If
d > 2, by Theorem II1.3.1 of |Galll|, there exists a bounded linear operator

B: L}(Ban \ By) — Wy*(Ban \ BysRY),
such that div B(f) = f for every f € L2(Bay \ By). Moreover, by Theorem I11.3.3 of |Galll],
B(f) € C(Ban \ Bn;RY) if f € C2°(Baa \ Bn).
We define v, € L'(0,T; Wol’2(Bgn \ By; RY) by v, (t) = B(fn(t)). Since B is bounded and
linear, v,, is measurable on [0, 7] x RZ. Also
Un(t,-) € C°(Bap \ Bu;RY),  divu,(t) = fo(t) for a.e. t €[0,T].
Let b, := l;n — vp. Now

divb, = (divb * py /)10 + Ln(t)Ga(T) -

By Hoélder’s inequality,

a0 = | i B0) 1| < (B i ) g -
Thus
. . Zmd(B2n) . .
[div bn ()| oo < [|div b]| 00 + mlldlvb\h;«s < 5|div b[| o ,

S0 holds. Since supp v, C [0,7] x Ba, \ By, follows from .

If d =1, then 0,0 = divb € L*(R) for almost every ¢t € [0,7]. Hence, b(t,-) is Lipschitz
continuous (after modifying b on a m2-negligible set). Because b € L'(0,T; L'([-1,1])), the
Lipschitz continuity in space implies b(t,0) € L*((0,T)). Thus, we may assume without loss



of generality that b(¢,0) = 0 for a.e. t € [0, T]H In this case, |b(t, z)| < |z|||divb(t)|| . Since
supp Viin C Ban \ By and [Vl e < [Vl o /7,

[(0(8) * pryn) (@) - Vi (2)| < |2[[[div b@) || oo (m) [V ()]
< QHVUHLOO(R)HdiV b(t)HLgo(R) :
Thus, by (2.3)

laiv ()] o < (1+ 2090l oy ) [[div 6]

for a.e. t € [0,T). We set by, = by,. O
Proposition 1. Let 1 <p < oo, 1/p+1/qg=1. Let u® € LP(RY) and
be LY0,T; L (RLGRY)), ¢ divbe L'(0,T; L®(RY)).

Then there exists a weak solution u € L>(0,T; LP(R?)) to for the initial data u®.

Proof. This proof follows that of Proposition II.1 in [DL&9].

Step 1: Existence in the smooth case. For now, assume in addition to the above assumptions
that b € L1(0,T; CH(RLRY)), ¢ € LY0,T; CL(R?)) and u° € CH(R?). By Theorem [1} there
exists a unique X : [0,7] x R? — R? satisfying 9, X (¢,2) = —b(t, X (¢,z)) and X(0,-) = idga.
Moreover X (t,-) € C1(RY) for every t € [0,T] by Proposition We define

v(t,z) == u’(z) exp(—/ot c(s, X (s,x)) ds> . (2.9)

For every z € R? v(-,2) is an absolutely continuous solution of
o(t,x) = —c(t, X (t,z)) v(t, x), v(0,2) = ud(z). (2.10)

Because ¢ need not be continuous in ¢, in general v(-, z) ¢ C'*([0,T]).
Next, we note that by Proposition DX (t,x) is absolutely continuous in ¢ and satisfies

DX (t,x) = —Db(t, X (t,z))DX(t,x) for a.e. t € (0,T). (2.11)

Since Db € LY(0,T;Cy(R%)), (2.9) and (2.11) imply v € L>(0,T;C}(R?)). Also, note that
suppv(t,-) C suppu® for every t € [0, 7.
By (2.11) and the formula for the derivative of the determinant,

O (det DX (t,x)) = — divb(t, X (¢,z)) det DX (¢, z) for a.e. t € (0,7).

Since divb € L'(0,T;Cy(R?)), it follows that X(¢,-) : R — R is a diffeomorphism for
every t € [0,T]. We define u(t,z) := v(t, X(t,-)"(z)). Since X(t,-) and X(t,-)~! are
Lipschitz continuous uniformly in time, v € L°(0,T; C(R?)) and suppu is compact. Let
¢ € C([0,T) x R?) and t € [0,T]. Then

/R ult, 2)(t,7) dr = / o(t, 2)6(t, X (£, 2)) det DX (1, z) dz (2.12)

R4

!This reduction is the only reason why the lemma states b, € L'(0,T;C}) instead of b, € L*(0,T;C?).

10



by changing variables x = X (t,2’). Since each of the three factors on the right-hand side in
(2.12]) is absolutely continuous with respect to t, for almost every t € [0, T

— v(t,z)o(t, X(t,z))det DX (t, z)dx
dt Jra

- /Rd (_c(th(t’ 2))v(t, z)o(t, X (t,x)) det DX (¢, z)
0t ) (1, X (1,2) = V(1. X (1,2)) - b(t, X (1,:2))) det DX (1)
—o(t, 2)é(t, X (t,z)) divb(t, X (t, ) det DX (¢, x)) dz .

By changing variables again, we get

pn 9 u(t,x)o(t, z) dz

= 9 —p(t, x)u(t,x)(c(t,z) + divb(t, z)) — u(t,x)b(t, x) - Vo(t,x) + u(t, z)0é(t, x) dx .

Thus, u is a weak solution to the transport equation.
We now derive LP-estimates of u in terms of u°. In the case p = oo, by (2.9)

JeaCt, ) oty < ex0(llellza o7, ety ) 100 ey (2.13)

In the case 1 < p < 0o, we note that u is weakly differentiable in time, since u satisfies the
transport equation and u € L>(0,T; C}(R%)). By the chain rule,

OlulP — b - V]ul’ + pclulP = 0. (2.14)
Integrating this equation over R¢ and using integration by parts yields

Gt/ |ul?P dz + / |ulP div b + pe|ulP dx =0 for a.e. t € (0,7).
R4 R4

Moving the time derivative in front of the integral is possible by the dominated convergence
theorem, since —b - V|u|P + pc|ulP € L} L and compactly supported. Thus

O |ulP de < ||div b + pe|| ;oo (pa |ulP dx for a.e. t € (0,7).
e Le®Y) o
By Grénwall’s inequality, we conclude
JeaCt, ) ogeeey < exp (I(div ) /p + el oo 7,0 ey ) 100 oy (2.15)

Step 2: Euwistence in the general case. Let b, € LY(0,T;CL(R%R?)) be a sequence from
LemmalI] For every n € N, we set

Cn 1= (C* P1/n)Nn, u?L = (uo * P1/n) 1 -
By Step 1, there exists a weak solution u,, of
Ogby, — by, - Vuy, + cpu, =0, Up|t=0 = u?l .

Since ||div b"HLtlLOO < C||div b”L}LOOﬂ by Lemma 1) and |D show that wu, is bounded
in L°°(0,T; LP(R%)).

11



By the Banach-Alaoglu theorem, a subsequence of u,, converges weak-* in L>(0,T; LP(R?))
to some u. We just consider this subsequence from now on and also denote it by wu,. Let
¢ € C([0,T) x R?). Then for every n € N

T
—// unﬁtqbdxdt—/ ul (0, z) d
0 JRd Rd

! (2.16)
+ /0 /Rd Up (b Vo + (divby,+ ¢,)p) dxdt = 0.

Since ¢ < oo, by standard properties of convolutions, ¢, — ¢ in L'(0,T; L} (]Rd)). By Lemma

loc

also b, — b and divb, — divb in L1(0,T; L (R?)). Thus, by letting n — oo in (2.16)), we

loc

conclude that u satisfies . O
Remark 3. The existence result also holds for the transport equation with a right-hand side
f € LY0,T; LP(RY)):

O —b-Vu+cu=f, U’t:(]:uo.
The proof is very similar. For Step 1, we assume f € L'(0,T;C} (R%)). Instead of (2.10), one

solves a linear, inhomogeneous ODE along the characteristics, and (2.13), (2.15]) are replaced
by similar estimates with a contribution from f. In Step 2, we set f,, = (f * p1/n)7n-

2.2 Regularization

The following lemma will be an important tool in subsequent proofs, in particular for the
uniqueness results in It shows that, if b belongs to a suitable Sobolev space, the regu-
larization wu * p. of a solution wu is still an approximate solution. The lemma is from [DL89),
Theorem I1.1.
Lemma 2. Let 1 <p,a<oo and 1 <\ < oo such that 1/p+1/a < 1/X\. Assume that

be L'0,T; W (RY),  ce LY0,T; L (RY)

and that uw € L>(0,T; LY (R%)) solves for some initial data u® € LP(RY). Then u. =
u * pe satisfies

Oue — b - Vug + cue = 7, Ue|i—o = u® * pe, (2.17)
where 1= — 0 in L1(0,T; L .(R%)).

The proof of Lemma[2]relies on estimating the commutator between the directional deriva-
tive along b and convolution with p.. Such an estimate is established in Lemma In the
proof of the lemma and in later proofs, we use C . .. to denote a constant depending only on
x,y,... (where x,y can be numbers, functions etc.)

Lemma 3 (Commutator estimate). Let p,a, A be as in Lemma @ Ifb e VVli)’CO‘(]Rd;Rd) and
we LY (RY), then

loc

(b-Vw)xp. —b-V(wsp:) =0 in L (RY)
as e — 0.

Proof. This proof is from |DL89|, p. 516, Lemma II.1. We first write out the convolution
explicitly.

(b-Vw)*p: —b-V(w*p:) = — /Rd w(y) divy(b(y)pe(z — y)) + b(z) - Vpe(z — y)w(y) dy

- /R w(y)(bly) — b(a)) - Vpela —y)dy — (wdivb)x . (218)

Since A < oo, in view of the assumed integrability on w and Vb, we have (wdivb)*p. — wdivb

in L (R?). Thus, our goal is to show that the first term also converges to wdivb in L\ (R%).
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Step 1: The smooth case. For now, assume that in addition b € C*(R% R%) and w € C*(R?).
Then an integration by parts yields

[ ) b) = b@) - Voo~ ) dy

= | Vuw(y) - (by) —b(z)) pe(z —y) dy + / w(y) divb(y)pe(z — y) dy
R4 Rd

= (Vw-b) x p: — (Vwxpz) - b+ (wdivbd) * p. .

The first and third term converge to Vw - b and wdivb in L} (R?), respectively. To see that
the second term converges to Vw - b, note that b and w belong to C', hence Vw € Ll’\OC(Rd)
and b € L2 (RY).

Step 2: Estimating the first term in . To reduce to the smooth case, we will need an
estimate of

A::’

L, v @b =) Voo =) dy

L3(Br)

By changing variables z = (y — x)/e in integral over y,

A =gl

/Rd w(z +e2)(b(x +€2) — b(x)) - Vp:(e2) dz

LA(Br)

By the definition of p. in (2.5)), supp Vp. C Beg, for some C, > 0. Thus the integrand is
nonzero only for z € Bg,. Moreover |Vp.| < Cpe=4=1 hence

a<Ce
€

/ w(a + £2)|[b(z + £2) — b(z)| d=
Be,

L3 (Br)

By Minkowski’s inequality and Holder’s inequality, and since 1/A > 1/a + 1/p,

C
A< ;/B llw(z +e2)lb(z + 2) = b(@)l[| 12,y B2
Cp

CoRd
g

< /B o + )2 (& +£2) — b)) 42
Cp

For small enough &, we have eC, < 1, hence

Co )\ Rd
A< % Hw||LP(BR+1)/B [b(z +2) — b(2)| Lo (py) 2 - (2.19)
C

P

Next, we use the fact that for every h € R?

16 + ) = Bllzesy) < IRHIZbl (5 - (2.20)
Combining (2.19)) with (2.20) yields
A < CllwllLe B IVl Lo (Braiie,) - (2.21)

for some C not depending on w and b.
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Step 3: The general case. Let bs := b * ps, wy := w * p, for some ¢,y > 0 and write

[ w)(bw) ~ b)) Voo —y)dy = D+ B+ F. where (2.22)
D= [ w,0)lbsta) = bs(@)) - Viela =) dy
B [ wl)0) = bs(w) = o) + bs(e) - Vo =) dy
Pim [ (0) = () 0s(0) = bs(a) - Voo~ ) do.

Let R > 0. We first consider the case p < oo and o < co. Then F —+0asd — 0and F — 0
as v — 0 in LM(Bg) by (2.21). Moreover, both converge uniformly in & and F converges
uniformly in §. By writing

we may finish the argument in the case p < 0o, a < 0o as follows. Choose ¢ and + such that
|w~ div bs — w div bHL)‘(BR) is small and [|E||x(gy), [|F']|r (5, are small. By Step 1, we may

(2.23)

[ w)(b0) = bla) - Vo =) dy = wativd

L*(Br)
< ||w, div bs — wdiVbHL*(BR) + || D — wy diVb(SHL)‘(BR) + HEHL)\(BR) + HFHLA(BR) ,

then choose & such that ||D — wy divbs||;x g, is small.
Next, we consider the case p = co. By ([2.21)), applied with the A-norm for w — w, and the
oo-norm for by,

”FHL/\(BR) <Cllw - wvHLA(BR)HVbéHLOO(BR) . (2.24)

Thus still F — 0 as v — 0 in L*(Bg), but no longer uniformly in §. Hence, v now has to be
chosen after 6. This is not a problem for E, since F is independent of . To see that it is also
not a problem for the first term on the right hand side of (2.23)), note that

[wey divbs — wdiv || px g, < [[wy(divbs — divd)|[ gy + [(wy —w) divd || pa g, -

Since divbs; — divb in L*(Bg) and w, is bounded in L>(Bg), the first term converges to 0
as 0 — 0, uniformly in . The second term converges to 0 since w, is bounded in L>(Bg)
and w, — w almost everywhere.

The last step of the proof in the case & = oo works symmetrically to p = oco. Now, § has
to be chosen after v. Note that for , the smoothness of by was important. Thus the
definitions of £/ and F' must be adapted: w is replaced by w, in E, and bs is replaced by b in
F'. Then, one obtains an estimate for E similar to (2.24)). O

Remark 4. Lemma [3]yields the following analogous result for time-dependent vector fields. If
be LY0,T; Wn® (R4 RY)) and w € L(0, T; LP, (RY)), then

(b-Vw)xp. —b-V(wx*p) =0  in L*(0,T; L (RY)) (2.25)

as € = 0. As always, the convolution applies only to the spatial variables.
To prove (2.25)), let R > 0. By Lemma

(b() - Vo (t)) * p- —b(t) - V(w(t) * p:) =0 in L*(Br)
for almost every ¢ € [0,T]. Moreover, by and ,
[(b() - Vw(#)) * pe = b(t) - V(w(t) * p)|| 27 (Bp)
< Clw®)lzeBr VOO Lo By e,y + 1w () divOE) | 23 (B, )
for almost every t € [0,7]. Thus we conclude by the dominated convergence theorem,
since the right-hand side is independent of € and in L*([0,77).

14



Proof of Lemma[3. Let p.(z) = p-(—x) and ¢ € C>([0,T) x R?). Note that ¢ * j. is also in
C([0,T) x R?). Using that u satisfies (2.2)), we compute

T T
—/ / uOpp da dt = —/ / w0y * pe dx dt (2.26)
0 JRd 0 JRd

T
= / u’$(0, ) * p. dx —/ / udiv(b(¢ = pe)) + uc(¢p * pe) de dt .
Rd 0 JRd

By definition, the integral of —u div(b(¢ * p¢)) is the distribution (b- Vu) * p. evaluated at ¢.
Thus, by Lemma [3] and Remark [4]

—/OT/Rdudiv(b(gb*ﬁs))dxdt _ /OT/Rd(b-Vu5+ss)¢d:ndt

where s. — 0 in L1(0,T; L} (RY)). Substituting this into (2.26]), we obtain

loc

T
—// u58t¢da:dt:/ u® % p. ¢(0, x) dz
0 JR4 R4
T T
+// (b'Vua—cuE)(;dedt—l—// (se + cue — (cu) * po)pdx dt .
0 JR4 0 JRd

Because (cu) * p: — cu: — 0 in L*(0,T; L\ .(R9)), we may set r. := s + cuz — (cu) * p-, which

completes the proof. O

Remark 5. A corresponding result also holds for the transport equation with a right-hand side.
We keep the notation and assumptions of Lemma [2} If f € L'(0,T; Lﬁ)C(Rd)) and u satisfies
(2.1) with f on the right-hand side, then also

Oshe — b-Vue +cus. = f + e, ug|t:0:u0>i<pE

for some 7. — 0 in L*(0,T; L} (R9)). This is a direct consequence of the above proof, because

A < 00, hence f * p. — f in L'(0,T; L\ .(RY)).

loc

The regularization result, Lemmal[2] allows us to show that the chain rule holds for solutions
of the transport equation, in the following sense.

Lemma 4. Let 1 <p<oo, 1/p+1/g=1. Assume

be L'0,T; Wd(RGRY),  ee LY0,T; LE (RY) (2.27)

loc

and let v € L>(0,T; LY (R%)) be a solution of for the initial data u° € LL _(R?). If

loc loc

B € CYR) and B’ is bounded, then B(u) satisfies

0B(u) —b-VB(u) +cuf'(u) =0, B(u)li=o = B(u°) (2.28)
in the weak sense.
That (2.28) holds in the weak sense means that for every ¢ € C°([0,T) x R?)
T
- / B abdrdt— | B0, 2) da
0 JRd R4

. (2.29)
—i—/ B(u)(ddivb+b- V) + cub' (u)pdrdt = 0.
0 JRd
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Proof. By Lemma [2] u. = u x p. satisfies

Oyue — b - Vue + cue = re, Ua‘t:O = Ug )
where u? = u®  p. and 7. — 0 in LL ([0, 7] x R%). Since u. € VVI})CI((O,T) x R?) and ' is

bounded, by the chain rule for Sobolev functions
atﬁ(ue) —b- Vﬁ(us) + Cusﬁl(us) = Teﬁl(us)a B(ue)‘t:O = 5(“2) .

Testing against ¢ € C2°([0,T) x R%) yields

T
—/ B(UE)athdxdt—/ Bu)p(0,z) dx
0 Rd Rd (230)

T T
+/0 Rdﬁ(us)(qsdivwb-w)+cu€5'(u5)¢da;dt:/O/Rdrsﬂ'(ue)wmdt.

We let € — 0 in this equation with the aim of obtaining (2.29). Since ' is bounded and r. — 0
in Li ([0, 7] x RY), the right-hand side converges to 0 as ¢ — 0. For the cu.f'(u:) term, we
want to show that

/OT/Rd cus3 (us)pdrdt — /OT/Rd cuB' (u)¢ dx dt as e — 0. (2.31)
In the case p < oo, we write
Cusﬁ/(us) - CUB/(U) = c(ue — u)ﬂl(ue) + Cu(ﬁl(us) - B/(u)) .

Since ue(t) — u(t) in LY (R9) for a.e. t € (0,T) and ' is bounded, fOT Jra c(ue—u) B (ue) da dt
converges to 0 as € — 0. Since u. — u pointwise almost everywhere, also fOT Jga cu(B' (ue) —
B'(u)) dz dt converges to 0 as e — 0. In the case p = oo, we conclude directly from
dominated convergence.

For the remaining terms in , if p < 0o, we use that B(u.) — B(u) in LY (RY) since
A" is bounded. If p = oo, we apply the dominated convergence theorem, using that u. — u
almost everywhere on [0, T] x R%. O

The same proof shows a similar result for the transport equation with a right-hand side
f e LY0,T; LL (RY). In this case, there is a term ff3’(u) on the right-hand side in (2.28).

2.3 Renormalized solutions

We introduce here a new notion of a solution for the transport equation , motivated by
formula (2.28)). First, we set up some notation. If A C R? is measurable, we denote by L(A)
the set of measurable functions A — R. Let f, € L(A) for n € N and f € L(A). We say that
fn — fin L(A) if f,|kx converges to f|x in measure for every compact K C A. Using this
notion of convergence, we also define the space C([0,T7; L(A)).

Definition 2 (Admissible function). We call 3 € C'(R) an admissible function, if 8 and
B" - (1+ |z|) are bounded on R.

Definition 3 (Renormalized solution). Let b € L{ ([0, 7] x R4 R9) and ¢, divb € L ([0, 7] x

loc loc

RY). Let v € L(RY) and u € L([0,T] x RY). If, for every admissible function f3,

DB(u) —b-VB(u) +cuf(uw) =0, B0 = Bu) (2.32)

holds in the weak sense, then we call u a renormalized solution of (2.1 corresponding to the

initial condition uY.
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Definition [3| provides a notion of a solution for very general initial data u® € L(R?),
for which the weak definition is not well defined. This will become important in the
application to ordinary differential equations. Moreover, renormalized solutions have several
features of smooth solutions, such as the conservation of LP-norms in the case divb = 0 and
¢ =0 (see Proposition [3)).

The following result establishes the relation between weak and renormalized solutions. It
corresponds to part 1) of Theorem II.3 in [DL89].

Proposition 2 (Consistency). Let 1 < p < oo, 1/p+1/q = 1. Let u € L*(0,T; LY (R%))
and u® € L (RY). Assume that c, divb € L'(0,T; LL (R?)).

loc loc

1) If b€ LY0,T; LL _(R%R?)) and u is a renormalized solution of , then u is a weak

loc
solution.

2) Ifbe LY(0,T; I/Vli’g(]Rd;Rd)) and u is a weak solution of , then u is a renormalized
solution.

Proof. Part 2) is a consequence of Lemma . For part 1), we choose a sequence of admissible
functions /3, such that 3, — idg, 8], — 1 pointwise, |5, (c)| < |o| and |3, (0)] < 1 for every o €
R. For example, one may take £,(c) = ntanh(c/n). By (2.32), for every ¢ € C°([0,T) x R%)

T
_ / By (u)Oyh s it — / B, () (0, ) dac
0 JRd R4
T
+/ Bn(u)(pdivh +b- Vo + cufl,(u)p) dzdt = 0.
0 JRA

We let n — oo and use the dominated convergence theorem to conclude (2.2). For the third
integral, |u|(|¢ divb| + [b]|V¢| + |¢c|) is a majorant, since |5, (u)| < |u| and |3}, (u)] < 1. The
majorant is integrable, because b € L'(0,T; LL (R% R?)) and ¢, divb € L'(0,T; L{ (R%)). O

loc loc

Remark 6. Similarly, one can define renormalized solutions for the transport equation with a
right-hand side f € Li ([0, T] x R%). In this case, we require that

loc
OB(u) —b-VB(u) + cuf'(u) = fB'(u),  Blu)l=o = Bu°)

for every admissible function 3. Proposition [2|still holds for f € L ([0, 7] x R%) by the same
proof.

2.4 Uniqueness

In this section, we prove the uniqueness of renormalized and weak solutions in L>(0, T'; LP(R%))
for 1 < p < oco. For all uniqueness results, we will assume that b satisfies the following growth
condition:
0]
1+ |z

e LY0,T; LY (RY) + LY(0,T; L= (RY)) (%)

2.4.1 The case p < co. The following Proposition collects several properties of renormalized
solutions. Uniqueness for p < oo will follow immediately from it.

Proposition 3. Letb € L _([0,T] x R%;RY) and ¢, divb € L ([0,T] x RY). Let 1 < p < o0,

loc

let f € L'(0,T; LP(R?)) and let u € L>(0,T; LP(RY)) be a renormalized solution of
ou—>b-Vu+cu=f, ui—o = u’,

where u® € LP(RY).
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1) If p = oo, then u € C([0,T); L. .(RY)) for every 1 < r < oo.

loc

2) Assume p < o0, (E), and that ¢, divb € LY(0,T; L% (R%)). Then u € C([0,T]; LP(R?))
and for a.e. t € (0,T)

d

— |u|P dz = / (divb+pc)\u|pdac+p/ fluP~2udz . (2.33)
dt Rd Rd R4

Furthermore, for every admissible 8 such that 0 ¢ supp 3,

d

I ICOLEE /R (Blu)divh -+ cup(u) du + /]R P (23

for a.e. t € (0,T).

The proof of Proposition [3] uses the following Lemma.

Lemma 5. Let (X, u) be a measure space and 1 < p < co. Let f, f € LP(u) for n € N. If
fo = [ peace. and || fullpegy = 1 f oo as n— oo, then fo — f in LP(p).

Proof. Since the function x +— |z|P is convex on R, the following pointwise inequality holds.
o = fIP < 227N (|fulP + [ fIP)
Thus, by Fatou’s Lemma and the almost everywhere convergence of f, to f,
timint [ 25,0+ 179 < fa - P dn =2 [ (7P dp.

We now use the following fact: If a,, b, are sequences of real numbers, and a,, = a as n — o0,
then liminf,, o (an + b,) = a + liminf,_,~ b,. By applying this to the sequence || fn||1£p ()’

n—o0

iimin [ 2N(£,0 + 79 < fa = P dp =2 [ 7P dp = tmsup [ (5, = fPdp. O

Proof of Proposition[3d. Let 8 be an admissible function and & € C°(RY), ¢ € C([0,T)).
Since w is a renormalized solution,

_ /OT/Rd B(w)€dpp dax dt — (0) /Rd B(u’)¢ dx

T T (2.35)
+ / YB(u)(Edivh + b - VE) + écuf (u) dx dt = / / YEFB (u) dx dt .
0 JR4 0 JR4
Since b, ¢, f € L*(0,T; LL.,) and £ € C°(R?), implies
B(u)édz € WHL((0,T)) = C([0,T]). (2.36)
Rd

Since {B(u(t)) : t € [0,7]} is bounded in L>°(R?), the Banach-Alaoglu theorem and im-
ply B(u(s)) —* B(u(t)) in L=(R%) if s — ¢ in [0,T]. Since 5% is admissible, also B(u(s))? —*
B(u(t))? in L¥(RY) if s — ¢ in [0,7]. Let K C R? be compact. Since m%(K) < oo,
the characteristic function g lies in L'(R?), so 1B(u()llz2xy € C([0,T]). Thus B(u) €
C([0,T); L*(K)), since L?(K) is uniformly convex. By iterating this argument for Lﬁfc, keN,
we conclude

B(u) € C([0,T7]; LL, .(RY)) for every 1 <r < oo. (2.37)

loc
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Part 1). If uw € L*([0,T] x RY), we can choose 3 admissible such that 3(u) = u almost
everywhere. So part 1) follows from ([2.37]).

Part 2). We first show ([2.34)), so let 5 be admissible and assume that 0 ¢ supp 8. We choose
& =g in (2.35), where ng is defined in (2.6). We then let R — oo with the goal of obtaining

T
- / B(u)dp) dz dt — 1(0) / B(u®) dx
0 JRE R4

T . (2.38)
4 /0 /R B(B(w) divh+ cuf (u)) do dt = /0 [ v,
Since p < oo and 0 ¢ supp S,
B(u), ub (u), B'(u) € L=(0,T; L*(R?) N L>®(0, T; L=(R%)). (2.39)

Therefore, all terms in (2.35)) except the one with Vngr converge as desired by dominated
convergence. For the Vnp-term, we note that |Vng| < C, /R, that suppnr C Baor \ Br and
that 1/R < 2/(1+ |z|) for z € Bar \ Br. Hence

T T
/ 1/}B(u)b-Vanmdt‘ < 2C’,7// ||| 8(u)] 19 dx dt.
0 JRd 0 J Bar\Br 1+ |z]

By the growth condition (ED on b and by , the integrand on the right-hand side is in
L'([0,T] x R%). Hence the integral converges to 0 as R — oo. Thus (2.38)) holds, and since
P € C([0,T)) is arbitrary, also ([2.34).

To show , we choose a sequence of admissible functions (3, such that 0 ¢ supp S,
Bn(c) >0, 0f,(c) >0 for all 0 € R and

Bu(0). 0B, (0) < CloP.  Bul0) = |0, Bh(o) = poloP for all o € R\ {0}.

Here, C' must be independent of n and o. Note that because 0 ¢ supp f3,,, we automatically
have f3,(0) — 0 and /3/,(0) — 0 as n — oo. An example for a sequence with these properties is

Bn(0) = |ntanh(o/n)[P(1 =1 /m(0)),

where 7 /,, is a smooth cutoff function as in (2.6) with d = 1. We now choose 3 = 3, in (2.38])
and let n — oo, aiming to show

_/()T/Rd]u]patwda;dt —(0) /Rd 0P da

T T
+// 1/1(divb+pc)]u\pda:dt:// O flulP?uda dt .
0 JRA 0 JRd

Since u € L¥°LE and we assume ¢, divh € L} LS, all integrals on the left-hand side converge

by dominated convergence. For the right-hand side, notice that 3, (u) < Clu[P~L. Since
lulP~1 € LfOLZgZ/ (p _1), by Hélder’s inequality f|u|P~! € L}L.. Thus dominated convergence
also applies. This concludes the proof of and hence of .

To show u € C([0,T]; LP(R%)), let ¢, — t be a convergent sequence in [0,T]. By ,
[w(®) |l p(rey € C([0,T1). So by Lemma |5, we only need to show that u(t,) converges to u(t)
almost everywhere on R%. Furthermore, it suffices to show this for a subsequence, since t,, — t
is an arbitrary convergent sequence. By a diagonal argument, it suffices to show that for every
R > 0, there exists a subsequence ¢, of ¢, such that

(2.40)

u(ty, ) — u(t) a.e. on Bp. (2.41)
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Let 8 be an admissible function such that (o) > 0 for all o € R. By (2.37),
Bu(ty,)) = B(u(t)) in L"(BR) as n — oo.

Thus, B(u(tg,)) — B(u(t)) a.e. on Br for some subsequence ty, of t,. Since 8 > 0, this

implies ([2.41)). O
Corollary 1 (Uniqueness for p < 00). Let 1 <p < oo, 1/p+1/q=1. Assume (E/ and

be LN0,T; Wil (RGRY), ¢, divb € LH0,T; L= (RY).

If u € L*(0,T; LP(RY)) is a solution of for u® =0, then u = 0.

Proof. By Proposition [2, u is a renormalized solution. Thus (2.33) and Gronwall’s inequality
imply u = 0. O

Remark 7. Proposition [3] also shows the following property of renormalized solutions, which
is familiar from smooth solutions: If ¢ = 0 and divb = 0, the measures of level sets of u are
constant. To show this, let 5 be admissible such that 0 ¢ supp 5. By (2.34)), for almost every
te(0,7)

Blu(t))de = | pu’)d.
R4 Rd

Let 0 < a < b. Then, letting 5 T X(qp) in the above equation and the monotone convergence
theorem imply that m?({a < u(t) < b}) = m?({a < u® < b}) for almost every t € (0,T).

2.4.2 The case p = 00. The uniqueness of weak solutions for p = oo will be a consequence
of the following theorem. It is the same as Theorem II.6 of [DL89|, except that we allow a
right-hand side for both renormalized solutions.

Theorem 2 (Integration by parts along the flow). Assume @ and
be L0, T; W (R4 RY), ¢, divb e L'(0,T; L®(RY)).

Let 1 < p < o0o,1/p+1/q = 1 and let f € LY0,T;LP(RY)), g € LY0,T;LI(RY)). If
u € L>®(0,T; LP(R?)) and v € L>=(0,T; LY(R?)) are renormalized solutions of

Ou—b-Vu+cu=f, 0w —b-Vu—(divb+c)v =g,

/OT/Rd ugdxdt:_/OT/Rd fvdde/Rd u(T)o(T) dx—/Rd u(0)v(0) dz. (2.42)

The boundary terms on right-hand side of (2.42)) make sense due to the time-continuity of
u and v, which was shown in Proposition

then

Proof. This proof is from [DL89|, Theorem II.6. Let 5 be an admissible function and set
@ := B(u), v := f(v). By definition of a renormalized solution, @ and v satisfy

Ou—b-Vi+cuf (u) = fB (u)
00 —b- Vi — (c+divb)vs (v) = gB (v).

Let @ := @ * p. and 0. := ¥ * p.. By Lemma [2] and Remark

Orlic — b+ Ve + cuf (u) = fB'(u) + re,

Oyve — b- V. — (c+ divb)vf' (v) = gf'(v) + s, (2.43)
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where 7., 5. — 0in L'(0,T; L. _(R%)) as e — 0. For R > 0, let 5z be a smooth cutoff function

loc

defined in (2.6). Due to the regularization, the equations in (2.43)) are no longer just equations
of distributions, but also of L ([0, T] x R%)-functions. Hence, we can multiply the equation
for @, by 9.nr and integrate over [0,7] x R%:

T T
/ / NRV-04le dx dt + / / NRrU:(=b - Vi + cuf (u)) dx dt

T
:// nrU:(fB (u) + 7.) dx dt
0 JRrd

If nro. would belong to C1([0,T] x R?), we could conclude from the trace theorem that

T T
/ / NRUO0 e dx dt = — / / NRU:0: V. dx dt
0 JRd 0 JRd

+ /Rd NrV: (1)t (T) dx — /Rd NRV:(0)te(0) dzx .

(2.45)

However, because nrt. ¢ C*([0,7] x R?), some additional arguments are needed. Let Z =
(0,T) x Bag and F € C°([0,T] x Bag). Because i, € WH1(Z), by the trace theorem

/ Fout. de dt = — / UOLF da dt + F(T,x)u.(T,x)dx — / F(0,z)u.(0,x) dz.
Z Z

BQR B2R
(2.46)
Next, we choose a sequence F,, € C°(R x Byg) such that
E, = ngi. in Wh(2),  F, =*ngi. in L™(Z). (2.47)

This works as follows. Because Z has Lipschitz boundary, by the Whitney extension theorem,
there exists a h € WHH(R!) such that h|z = npo.. Since suppnr C Bag, we may assume
supph C R x Bsp after multiplying h by a smooth cutoff function. Since ngv. € L*(Z), we
may also assume h € L>®(R%1) by composing with a function in C}(R) which is the identity
on a suitably large interval. Then, there exists a sequence F,, € C2°(R x Bag), bounded in
L, such that F, — h in WHL(R!) as n — oco. After extraction of a subsequence, also
F, —* h in L>®(R*1).

We now set F' = F,, in and let n — co. The left-hand side of converges to the
left-hand side of by the weak-* convergence of F,, and since dyii. € L _([0,T] x R9).
For the nrt.0;0.-term, note that . € L°°(Z). The boundary terms converge as desired by
the continuity of the trace operator W' (Z) — L'(0Z) and since 1. (0) and (T are smooth
and therefore in L (BaR).

Substituting (2.45)) into (2.44)) and integrating by parts in z yields
T
—/ / NRU:OyUs dx dt +/ NrU:(T)u(T) dz —/ NrU:(0)U:(0) dx
0 JRd R4 R4

T
+ / / Tie(NRD: divb + b - Vg + nrb - V1) + nroecuf’ (u) dx dt
0 JRd

T
:// NRU:(fB'(u) + re) dr dt .
0 JRd
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By using equation ([2.43|) for o,
T
- / / Nrit: (b - Ve + (¢ + divb)vs' (v) + gB' (v) + s¢) dx dt
0 JRd

+ / MRV (T)ue(T) dx — / NRU:(0)ue(0) dx

Rd Rd
T

+ / / e (MR- div b + 9:b - Vg + nrb - Vi) + nro-cufB (u) dx dt

0 JRd

T
:// b (FB (u) + 1) da dt
0 JRd

The terms ngrtcb - VU. in the first line and third line cancel out. Letting ¢ — 0, we obtain
T
_/ /d nrt((c+ divb)vs (v) + g8 (v)) dx dt + /d nro(T)a(T) dx — / nrv(0)w(0) dx
0 JR R Rd

T T
+ / / w(nr0 div b + 0b - Vng) + nrocuf (u) dz dt = / / nrofB (u) dz dt . (2.48)
0 JRd 0 JRrd

To justify this, note that @ (t) —* @(t) and 9. (t) —* 9(t) in L>°(R?) for every ¢ € [0, T]. Since
i (t) — a(t) and 0.(t) — 9(¢) in L] (R?) for all 7 < oo, we also have @ (t)3:(t) —* @(t)d(t)
in L>°(RY). Thus, for almost every ¢ € [0,T], the integrals over x converge as desired. To
conclude the convergence of the space-time integrals, we apply dominated convergence to the
time integral.

From now on, assume that 5(0) = 0. By letting R — oo in (2.48)), we obtain

//Rd (c+ divb)vs (v) + gB' (v ))dxdt+/ 5(T)u(T )daj_/ 5(0)a(0) da

// v div b + veuf (u) dz dt = // of B (u) dx dt .
Rd Rd

For all terms except the one with Vnpg, this is justified by dominated convergence, since

(2.49)

u, € LP(LeP N L), ve LP(LgnLy),  a(0),a(T) e Ly, 0(0),0(T) € Lf.

Since |Vnr| < ||Vl Lo (rey/ R and supp Vg C Bag \ Bg, the Vng-term can be estimated by

T T
b
ﬂf)b-Vanajdt’ SC’// |ao| 1 dx dt .
Rd 0 JBo\Br 1 t|7]

Since u and v have dual Holder exponents and 5(0) = 0, 4o € L{°LL N LEL. Thus, by the
growth condition (ED, the right-hand side converges to 0 as R — oo.
Finally, we choose a sequence of admissible functions £, such that £, — idg, £, — 1

pointwise, |3,(0)| < |o| and |5],(c)| < 1 for every o € R. Taking 5 = /3, in (2.49) and using

dominated convergence as n — 0o, we get

- /OT/W“((C +divb)v + g) da dt + /R o(T)u(T) dz — /R v(0)u(0) dz

T T
+// uvdivb—i—vcudmdt—// vf dxdt.
0 JRd 0 JRd

The divb and ¢ terms cancel out, so ([2.42)) follows. O

Corollary 2 (Uniqueness for p = 00). Assume (E) and
be L'0,T; WEHRERY)), ¢ divb e L'(0,T; L®(RY)) ©)

loc

Ifu € L=([0,T] x RY) is a solution of for u® =0, then u = 0.
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Proof. Tt suffices to show that for every ¢ € C°((0,T) x R?)

/OT/Rd g dadt = 0. (2.50)

To do this, we consider a solution v of
0w —b-Vu— (c+divb)v = ¢, V|=r = 0. (2.51)

By Proposition [I| and Remark |3} there exists a solution to this equation in L>([0,7] x R%).
An initial condition at time T can be imposed by reversing time.

To show that also v € L>=(0,T; L'(R%)), we look again at the proof of Proposition |1} We
constructed a sequence of solutions v, € L>®(0,T; C{(R?)) to

Opvy, — by - Vo, — (¢ +divby)vy, = ¢y Upli=0 = v2
where
by — b, ¢y —c, divh, —divh, ¢, — ¢ in Li ([0,T] x RY)

and ¢, divb, are bounded in L'(0,7;L>®(R%)). As indicated in Remark [3| the proof of
Proposition [I| can be modified to incorporate a right-hand side by setting ¢n 1= (¢ * p1 /)1,
where py/, and 7, are defined in (2.5) and . Then, we used the estimate to show
that v, is bounded in L*°([0, 7] x R?) and obtained v as the weak-* limit of a subsequence of
vp in L°([0,T] x R%). By Step 1 of Proposition vy, is also compactly supported. Thus, by
(2.33)) and Gronwall’s inequality

an(t)HLl(]Rd) < eXP(||Cn”L1(0,T;L°o(Rd))> ||¢n”L1(0,T;L1(Rd)) :

This shows that v, is bounded in L>(0, T; L' (R%)).
Let ¢ € L1([0,T]), R > 0 and ((t,x) := ¥ (t)xB,(z) sgn(v). Since v, —=* v in L>=([0,T] x

RY),
/(]T/Rdvngdxdt — /OT/Rdedxdt:/oTw(t) /BR\vyd:cdt (2.52)

By Hoélder’s inequality,

T
/0 /Rd onC dz dt < [[vnl| oo (o ;11 ey 1Yl L1 0,77 -

Thus, by letting R — oo in and using that 1 € L'([0,7)) is arbitrary, we conclude
v € L>(0,T; L' (RY)).

By Proposition [2| (and Remark @, both u and v are renormalized solutions. Thus ([2.50))
follows from Theorem 21 O

2.5 Applications to the 2d Euler equations

We pause the general discussion and briefly discuss applications of the theory developed so far
to the two-dimensional Euler equations. In vorticity formulation, the Euler equations read

Ow~+b-Vw =0 on (0,7) x R?

2.53
b=Kx*xw ( )

The convolution kernel K : R?\ {0} — R? (also called the Biot-Savart kernel) is defined by

)= e ()
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We assume that w € L>(0,T; LP(R?)) for some 1 < p < co and b € L*(0,T; L (R?)), where
1/p+1/q = 1. Then, the transport equation in can be understood in the weak senseﬂ

Since VK is homogeneous of degree —2, smooth on R? \ {0}, and fSl VK dH' = 0, by
the Calderén-Zygmund theory for singular integrals, the map f — VK x f is a bounded
linear operator LP(R?) — LP(R%;R?*2) if 1 < p < oo (see [Ste70|, p. 39, Theorem 3). Thus
Vb € L>(0,T; LP(R?)) for such p.

If p > 2, this implies b € L'(0, T} VVli’g) Combining this fact with part 2) of Proposition
yields the following theorem.

Theorem 3. Let 2 < p < oo, and let w € L*°(0,T; LP(R?)) and b € L'(0,T; L _(R?)) satisfy

loc

the Fuler equations i the weak sense. Then w is a renormalized solution.

The result in Theorem [3| has been observed previously as a consequence of Theorem II.3
of [DL89, see Proposition 1 of [FMLO05|.

For 1 < p < 2, it was shown in |CS15| that solutions of obtained as a limit in
the vanishing viscosity approximation are renormalized. The argument in [CS15| uses the
integration by parts formula . They show that every such solution satisfies, for all
Y € C((0,T) x B?),

T
/ / xwdz dt = (0, 2)w(0, x) dzx , (2.54)
0 JR2 R2
where ¢ € L>®(0,T; L' N L™) is the renormalized solution of

Ohp+b-Vo=—x, Pli=r = 0.

Equation (2.54)) may be used to deduce that w is renormalized. Note that divb = 0, since
div K = 0. Thus by Theorem 2 (2.54)) also holds for the renormalized solution of (2.53). Since
X € C((0,T) x R?) is arbitrary, w equals the renormalized solution.

2.6 Stability

2.6.1 The case ¢ = 0. In this section, we prove stability results for renormalized solutions
of the transport equation. We consider the case ¢ = 0 here and more general ¢ in A
consequence of the stability results will be the existence of renormalized solutions for u® €
L(RY), see Corollary

Theorem 4 (Stability). Assume b satisfies and () with ¢ = 0. Forn € N, let b, €
L ([0,T] x RGRY) and ¢, € L ([0, T] x RY) such that

loc loc

b = b in L, ([0,7] x RERY), divh, — divh, ¢ =0 in Ly ([0, 7] x R (2.55)

asn — oo. Let ud,u® € L(R?) and let u, € L([0,T] x R?) be renormalized solutions of
with (b, cp,ul).

1) If u® — u® in L(RY), then there exists a renormalized solution u € C([0,T]; L(R?)) for
(b,0,u4%), and u,, — u in C([0,T]; L(R?)).

2) Let 1 < p < oo and u, € L=(0,T; LP(RY)). Assume that c,, divb, € L'(0,T; L>(R?))
and that (@) holds for all b,. If u® — u® in LP(R?) and there exists a function g €
LY((0,T)) such that

sup [|div by () + pen () || oo (ray < 9(2) for a.e. t €[0,T], (2.56)
neN

then u, — u in C([0,T]; LP(R?)).

2If 4/3 < p < 2, then w € L*(0, T; L*(R?)) already implies b € L' (0, T; LL .(R?)). Since K is homogeneous
of degree —1, by the Hardy-Littlewood-Sobolev theorem b € L>(0,T; L" (R?)), where 1/r = 1/p—1/2 ([Ste70],
p. 119, Theorem 1). However, for p > 2, such a priori estimates are not sufficient to conclude even K % w €

Li,.([0,T] x R?). Consider for example w(t, ) = Xz, >0/(1 4 |z|).
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Proof. This proof corresponds to the proofs of Theorems I1.3 and II.4 in [DL89]. For the first
four steps of the proof, we assume the hypotheses of part 1) of Theorem

Step 1: Weak-x convergence of B(uy). Let 5 be an admissible function and set
vn = Blun), v = Bluy), 0= Bu).

We first show that v, converges weak-* in L>([0,7] x R?) to the unique solution of
with ¢ = 0 and initial data v°. Since v, is bounded in L>([0, T] x R%), there exists a weak-*
convergent subsequence vy, , whose limit we denote by v.

Since uy,, is a renormalized solution, vy, satisfies

8tvkn — bkn' Vg, + Cknuknﬁ,(ukn) =0 in (0, T) X Rd, Vk,, |t=0 = U]gn in R? .

This means that for every ¢ € C°(]0,T) x R%)

T
—// vkn&gbd:vdt—/ v2n¢(0,x)dx
0 JRd R

T
+ / / vk, (@ divbg, + bg, - Vo) + ek, ug, B (ug, ) pdx dt = 0.
0 JRd

By letting n — oo in this equation, we now show that v satisfies with ¢ = 0 and initial
data v°. By and the boundedness of uy, 3 (uy, ) in L=([0, T] x R?), the first and third
integral converge as desired. For the second integral, note that vgn,vo < |18 L) Therefore,
for every € > 0

/R o, = 211600, ) d < 90, )| 2 ey (= + 2By m({lef, = 2" > £} Nsupp )
Since vgn — v in L(RY) by the Lipschitz-continuity of 3, the right-hand side can be made
arbitrarily small by choosing € appropriately. Hence v is a solution of the transport equation
with (b, 0,vY).

So far, we have only shown the weak-* convergence of the subsequence vy, to v. However,
by uniqueness (Corollary [2) and the above argument, every subsequence of v, has a subse-
quence converging to v weak- in L°([0, 7] x R%), which implies the convergence of the whole
sequence.

Step 2: L% ([0, T) x RY) convergence of B(u,). We now show that v, — v in L2 ([0, 7] x R?).
Let K C [0,T] x R? be compact. By Step 1, v, — v in L?(K), so it suffices to show
lvnll2(x) = vl L2k, because L?(K) is uniformly convex.

Let w be the unique solution of with (b,0, 8(u®)?). By Step 1 with 3 replaced by 3,
which is also admissible,
v2 =% in L°([0,T] x RY).

n

By Proposition [2| v is renormalized, hence v? is also a solution of with ¢ = 0 and initial
data B(u®)2. Note that v is bounded, so we can choose a suitably cut-off version of z? as
an admissible function. Thus v* = w by Corollary 2l We conclude |[vp 12y = [0l 12k
because m4T1(K) < oo.

Step 3: Uniformity in time. The next goal is to show v, — v in C([0,T]; L2 .(R%)). We first
show that for every & € C°(RY)

/R [t @ e [ vtog@de i W(©.7)). (2.57)
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Since uy, is a renormalized solution, for every ¢ € C2°((0,7))

T T
/0 /R 0nEO(t) de = /0 /R (o€ byt by - VE) + g (wnJE)() da

Because 1 is arbitrary, we deduce that

4 vp€dr = — / vn(Ediv by, + by - VE) + cpun B (uy )€ dx (2.58)
Rd

dt R4
in the sense of distributions on (0,7). However, the right-hand side is in L!((0,T)), so (2.58)
shows [ vnédz € WH1((0,T)). Similarly,

d

pn Rdvfdxz—/Rdv(fdivb—t-b'vg)dx. (2.59)

Thus, to prove ([2.57)), by (2.58)) and (2.59) it suffices to show that

T
/ E(vy div b, — v divb) + (vuby — vb) - VE + cpun B (un)édadt — 0.
R4

The integral of ¢, u, 3 (un )€ converges to zero since ¢, — 0 in Li ([0, T] x R?) and u,, 8 (uy,) is
bounded in L*°([0, T] x RY). The first two terms converge to 0 since b, — b and div b, — divb
in Lt _([0,7] x RY) and v, —* v in L>=([0,T] x RY).

By Proposmonl v € C([0,T7; L2 (RY)). Hence, to conclude v, — v in C([0, T]; L2 .(R%)),
it suffices to show that for every convergent sequence t,, — t in [0, T

Un(tn, ) = v(t,-) in L2 (RY). (2.60)

Fix such a sequence t,,. Because W1((0,T)) embeds continuously into C([0, T), (2.57) implies
for every ¢ € C2°(R?)

/ Un(tn, )€(x) doe — v(t, )¢ () dz as n — oo. (2.61)
R4 R4

Let K C R? be compact. Since vy,(t,) is bounded in L?(K), (2.61) implies v, (t,) — v(t) in
L*(K). Since 2% is also an admissible function, we also have vy, (t,)? — v(¢)? in L?(K). Since
Xk € L*(K), we conclude lvn(tns 2wy = v, )2k, and hence vy, (tn,-) — v(t,-) in
L*(K).

Step 4: Part 1). Choose 8 = tanh and let v be the limit of B(u,) in C([0,T]; L (RY)).
Define v = 37 (v). To make sense of this definition, we now show that

mé({z e R : |u(t,z)| =1}) =0 for every t € [0,T]. (2.62)

For every t € [0,T], we already know that |v(¢,z)| < 1 for a.e. x € RY, since v is the weak-*
limit of v, in L°([0,7] x RY) and v € C([0,T]; L} (RY)). To prove (2.62), for k € N, let
0 € CX(R) be such that

0<0k <1, Oklp-1/x =1 suppbp C (1-2/k,00).

Define ay(0) = 0i(|o|) for o € R and note that oy, is admissible. Since |v°(x)| < 1 for all
r € RY ap(v?) — 0 in L(R?) as k — oo. Furthermore, since v is renormalized, ay(v) is the
unique renormalized solution of with ¢ = 0 and initial data az(v"). By applying Steps
1-3 to the sequence ay(v), by = b and ¢ = 0 for k € N, we deduce that for every admissible
function =,

Yaw®)) = A(0) in C((0,T); L (RY) as k — .
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But ay, only takes values in [0, 1], hence we may choose v such that 7| ;) = id. Thus
ap(v) = 0 in C([0,T]; L} (RY)) as k — oco. (2.63)

By the definition of g, this implies (2.62)).
We now show u,, — u in C([0,T]; L(R%)). Let K C R? be compact and § > 0. By (2.63),
there exists an M € N such that

sup mi({zx e K : |v(t,z)| >1—1/M}) <§.
t€[0,T]

Let € > 0. Then
sup mi({z € K : |un(t,z) — u(t,z)| > €}) (2.64)
te[0,7]
< sup m?({z € K : Jup(t,x) —u(t,x)| > e and |v(t,2)| < 1 — 1/M}) +6.
te[0,T]

The supremum on the right-hand side converges to 0 as n — oo, since 7! is Lipschitz-
continuous on any compact interval I C (—1,1). Explicitly, let A = 3(371(1 — 1/M) + ) and
L be the Lipschitz constant of 571_y 5. If z € K and [v(t,2)] <1 —1/M, then

{Jun(t,z) —u(t,z)| >} implies {|vn(t,xz) —v(t,x)| >¢e/L}.

Since v, — v in C([0,T]; L(R?)) and § > 0 is arbitrary, we conclude u,, — u in C([0, T]; L(R%)).

To prove that u is a renormalized solution of with ¢ = 0 and initial data «°, let
f be an admissible function. Because ( is Lipschitz-continuous, S(uy) converges to B(u) in
C([0,T); L(RY)). By Step 3, B(uy) also converges in C([0,T]; L2 .(R?)) to the unique renor-
malized solution of with ¢ = 0 and initial data B(u°).

Step 5: Part 2). By and , uy, is bounded in L°°(0, T'; LP(R?)). By Step 4, u is the
limit of uy, in C([0, T]; L(R?)), hence u belongs to L>°(0, T; LP(R?)). Thus b and u satisfy the
hypothesis of part 2) of Proposition |3 which implies that u € C([0,T]; LP(R%)). So, we only
need to show that uy, (t,) — u(t) in LP(R?) for every convergent sequence t,, — ¢ in [0, T]. Since
u, — u in C([0,T]; L(RY)), we may assume that wu,(t,) converges to u(t) almost everywhere
on RY. Therefore, by Lemma |5, it suffices to show that lun )l Lo@ay = 1wl Le@ey as
n — oo.
By Fatou’s Lemma,

Jim inf / i ()P d > / ()P da (2.65)
R R4

n—0o0

For the other inequality, let a € W11((0,T)). By (2.33), for a.e. t € (0,7)

i(aa(ﬂ /R Ju() da:) = —¢ ¥ /R (divb(t) + a (t))|u(t)[P da . (2.66)

Integrating (2.66) from 0 to t yields
t
e~ / lu(t)|P do = / uC|P da — / / (divh + a')e™*|u|P dz ds . (2.67)
R4 R4 0 JRd

Since the assumptions of Proposition are also satisfied for u,, (2.66]) also holds with wy,, by, ¢,
instead of u, b,0. We integrate from 0 to t,:

tn
ealtn) / ()P dr = / 0P da — / / (div by + pen + a')e " OfunP dods  (2.68)
Rd Rd 0 R4
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Since b, — b and ¢, — 0 in LL ([0, T] x RY), after extracting a subsequence, we may assume
they converge pointwise almost everywhere on [0,7] x R?. We now choose a such that a is
continuous, a(0) = 0 and a’ = g, where g € L'((0,T)) is from the assumptions of Theorem
part 2). Due to our choice of @, the integrand on the right-hand side in is nonnegative.

Thus, by the assumption that u2 — u" in LP (R%) and another application of Fatou’s Lemma,

lim sup (e_“(t”) / [t ()P dm)
n—oo Rd
tn
= |u0|p dr — lim inf/ / (div by, + pen, + a')e_a(s)\un]p dx ds (2.69)
0 JRrd

Rd n—oo

<e D [ Jut)Pd.

R4
Since a is continuous, the left-hand side is equal to e=%®) limsup,, , . Jga lun(tn)|P da. Thus
we conclude |[uy ()|l o ray = |u(®)]] Lo (a)- O

2.6.2  More general c. We now prove stability results for ¢ € L'(0,T; L>(R%)) by reducing
to the case ¢ = 0. Let a € L*(0,T; L>(R%)) and consider the equation

8t<I>—b-V<I>:a, (I)’t:QZO.

By Proposition [1f and Remark 3| if b € L{_([0,7] x RGRY) and divb € LY(0,T; L°(RY)),

there exists a solution ® € L>([0,T] x R?) to this equation. If b € L'(0,T; VVIEC1 (R9)), then
® is renormalized by Proposition

Lemma 6. Assumeb € L'(0,T; T/Vl})’cl (RY) and c € L}(0,T; L, (RY)). Letu® € L(RY). Then,
u € L([0,T] x RY) is a renormalized solution of with (b, c,u®) if and only if e~®u is a
renormalized solution of with (b, ¢ + a,u®).

Proof. This proof is from [DL89|, p. 526, Lemma I1.2.

It suffices to show just one direction due to the symmetry of the statement. Assume that

w is a renormalized solution of the transport equation for the initial condition °.

Formally, the lemma would follow from the chain rule. To make this argument rigorous, we
invoke the regularization result, Lemma[2] Let 8 be an admissible function and set v = 3(u).
Then by Lemma 2]

Ove — b+ Ve + cuf' (u) = re Velt=0 = 02

(2.70)
0:®, —b- VO, =a+ s, (I)Elt:(]:O

Here, v: = v * pz, v0 = B(u®) % p., ®. = ®* p. and r-, 5. — 0 in Llloc([O,T] x R%). Let v be an

e =
admissible function and define w® := 'y(e*cpf vs). By the product and chain rules for Sobolev
functions,

ow® = 'y/(e*(bfva)e*@f (—8,@51)5 + 8,51)5)
= 'y’(efq’fva)e*q’f (—(b VO, +a+s:)ve +b- Vo —cuf (u) + rg) .

Even though the derivative of the exponential function is not bounded on R, the chain rule
for Sobolev functions applies here since ®. € L>([0,T] x R?). Since

Vw® = 'y/(e*(bfve)e*q)f (—Vfbg + va) ,
we have

Ow® —b-Vw® = ’y’(e*%va)e*% (—(a+ sc)ve — cuf' (u) +re) . (2.71)
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Let ¢ € C°([0,T) x RY). By integrating (2.71]) over [0, 7] x R? against ¢ and using integration
by parts, we get

//Rd - 8t<;5da:dt—/ ¥ (10)$(0, d:z—i—//Rd ) div(be) de dt

(2.72)
/ /Rd e v )e % (—(a + so)ve — cuf(u) + 1) pdrdt.

We let € — 01in (2.72). Since 7, s. — 0in Li ([0, 7] x RY) and e~®<, v, are bounded uniformly

in €,
/ / ve)e  Pescv.pdadt — 0, / / ve)e  *erepdrdt — 0
Rd Rd

as € — 0. For all other terms, we notice that v. — v and ®. — ® almost everywhere on
[0,T] x R%. Thus, by the dominated convergence theorem

//]Rd 8t¢da:dt—/ v(v") (0, 2 dm—i—//Rd v) div(bg) da dt

i (2.73)
r(,—® - / —
Jr/O/Rdy(e v)e ®(av + cuf (v))pdrdt = 0.

Next, we choose a sequence of admissible functions 3, such that 3, — idg, 8, — 1
pointwise and

Bul@) < lol, |08,(0)] < |Ba(o)|  for every o € R.

For instance, 8,(c) = ntanh(o/n) has these properties. Since v = 5(u), by choosing 8 = f,
in (2.73]) and letting n — oo, we get

//Rd 8t¢da:dt—/ Y(W®)p(0, da:+//Rd w) div(be) du dt
’ 1 —® - —0.
+/O/Rdv(e u)e Pu(a + c)pdrdt =0

This is justified by the dominated convergence theorem, using the fact that v(o) and +'(o)(1+
|o|) are bounded on R. To get an integrable majorant for the term with cuf’(u), we use that

o8, (0)] < |B(o)]:
[V (7% Ba(w)) e cupy (w)] < |7 (€7 Bnlu)e™® Bu(u) c| < Cylel.

Since « is an arbitrary admissible function, (2.74) implies that e~®w is a renormalized solution
of the transport equation with (b, ¢ + a, u®). O

(2.74)

The following is a stability result for ¢ € L'(0,T; L>°(R%)). The hypotheses are the same
as in Theorem {4} except that we require b, € L'(0, T’ I/Vli’cl (R9)) in order to use Lemma @

Corollary 3. Assume b and c satisfy (f (l) and (E) We keep the notations and assumptions
of Theorem l except that we replace ¢, — 0 by ¢, — ¢ in L ([0,T] x RY), and assume in
addition that b, € L*(0,T; I/Vlicl (RY)) for every n € N.

1) If u® — u® in L(RY), then there exists a renormalized solution u € C([0,T]; L(R?)) for
(b,c,u®), and u, — u in C([0,T]; L(RY)).

2) Part 2) of Theorem remains true under its additional assumptions.
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Proof. Let ® € L>([0,T] x RY) be a solution to

8t<1>—b-V<I>:—c, (I)|t:0:().

P

By Proposition |1} such a ® exists. By Lemma @ Uy = €~ “uy is a renormalized solution of

Oty — by, - Vi + (¢ — )ty = 0, T =0 = 12 .

By part 1) of Theorem {4} i, converges in C([0,T]; L(RY)) to a renormalized solution @ of
(2.1) with ¢ = 0 and initial data u°. Using again Lemma |§|7 we deduce that u := e®@ is a
renormalized solution of

Ou—b-Vu-+cu=0, uli—o = u°.

To conclude the proof of part 1) of Corollary we need to show that e®a@, — e®a in

C([0,T); L(RY)). Since ® € L>¥([0,T] x RY), we also have e® € L>([0,T] x R?). Thus
for every compact K C R? and £ > 0

sup md({x € K : [e®®Dq, (t, 2) — e (L, z)| > 5})
t€[0,T]

d e - @
< tes[%%]m ({m € K :|up(t,z) —u(t,z)| > 6/”6 HLOO([O,T]de)}) .

Since i, — @ in C([0, T]; L(R%)), the right-hand side converges to 0 as n — oo.
For part 2), by assumption, we know that (2.56) holds for some g € L'((0,T)). Then,
since c(t) € L>®(R?) for almost every t € [0, T7,

sup [div b (t) + pen — ) ()| oo ey < 9(8) +pllc(t)l|Looray  for ae. t €[0,T].

ne

Therefore, the sequence w, satisfies the assumptions of Theorem [4| part 2), so @, — @ in
C([0,T); LP(R%)). Since e® € L*([0,T] x R?), multiplication by e® preserves convergence in
C([0,T); LP(R?)), hence also u,, — u in C([0, T]; LP(R%)). O

Corollary 4 (Existence & Uniqueness). Assume and (Ev If u® € L(R?), then there exists
a unique renormalized solution u of . In addition,

1) we C([0,T]; L(RY)).
2) If u® € L=®(RY), then u € L>=([0,T] x RY) and u € C([0,T]; L}, .(R%)) for every r < oc.

loc

3) If u® € LP(R?) for some 1 < p < oo, then u € C([0,T]; LP(R%)).

Proof. For the uniqueness, by Lemma[6], we may assume that ¢ = 0. Then, uniqueness follows
from Corollary [2] by choosing an injective admissible function.

For existence, let 3, (c) = ntanh(c/n) and u® = 3,(u). By Proposition [1| there exists a
weak solution u, € L>([0,7] x R?) of the transport equation with (b, c,ul) for every n € N.
Since b € L'(0,T; VV&)C1 (R%)), uy, is renormalized by Proposition Furthermore, 49 — 4% in
L(RY), so the existence of u and part 1) follow from Corollary .

Part 2) follows from Propositions |1| and

For part 3), we choose a sequence b, € L'(0,T;C}(R?)) as in Lemma |l| and set ¢, =
(¢ p1/n)ns ud = (ul * P1/n)n for n € N. Then, by Step 1 of Proposition , there exists a

n

sequence u, € L>®(0,T; CH(R?)) satisfying
Oy, — by, - Vg, + cpuy, = 0, Up|t=0 = ug .

By Proposition [2| the u,, are renormalized solutions. Since u? — u® in LP(R?) and (2.56) is
satisfied by (2.4), we conclude by part 2) of Corollary O
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2.7 More properties of renormalized solutions

Lemma 7. Let b € L*(0,T; W2 (RY)), ¢ = 0 and ul, ooy Um € L([0, T] x RY) be renormalized

loc
solutions of (2.1] (‘) with initial conditions ul, ..., ud, € LRY). If F: R™ — R is continuous,
then F(u1,...,uUn) is a renormalized solution of ' with initial condition F(ul,... ud).

Proof. Let B be an admissible function and v; := B(u;), v{ := B(uY). Then, by Lemma
Ve = V; * p. satisfies

0
Oie —b- Vv c =1, Vielt=0 = Vj ¢

where 7, — 0 in L*(0, T; LL (RY)). In the following, we write u = (u;)™, ve = (v; )™ ete.
for the vector-valued functions.
For now, assume that F' € C}(R™) and let v be admissible. Then, by the chain rule for

Sobolev functions

8t(’Y(F( )))

Y(F(02)) VF(v2) - (b- Voo +72)
= V(¥(F(ve))) b+ (F(ve)) VF(ve) - 7e

We integrate against a test function ¢ € C°([0,T) x R%):

- [ A asira - [ e 600

//Rd (v2)) (G divh + b V) = //Rd NV E(w) e dedi

Next, we let € — 0 to obtain

//Rd ) Org dx dt — / Y(F ) ¢ Oxdx+//Rd )(@divb+b-Ve) =0.

On the left-hand side of the equation, this is justified by dominated convergence, since v. — v
almost everywhere. The right-hand side converges to 0, because r. — 0 in L} ([0,7] x R%; R9),
and 7/ and VF are bounded.

By letting 8 converge pointwise to the identity on R, using dominated convergence and
the boundedness of v, we get

//Rd ) Orp dx dt — / (F(u) ¢ 0md:c+//Rd N@divb+b-Veé)=0.

This concludes the proof for F € C}(R™). For F € C(R™), we choose a sequence F,, € C}(R™)
converging pointwise to F' everywhere on R™. Then we set F' = F), in the last equation, let
n — 0o, and use dominated convergence. O

Lemma [7] implies that renormalized solutions of the transport equation are “additive”: If
be LN0,T; Wi (RY),  ce L'0,T; L™ (RY)),

and u, v are renormalized solutions of . for initial conditions uO ’UO then v 4+ v is a renor-
malized solution of (2.1] . for the initial condition u® + v°. By Lemma [7] I, this holds for ¢ = 0,

and via Lemma @ also for ¢ € LY(0,T; L>=(R%)).
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3 Regular Lagrangian flows

3.1 Existence

We now prove the existence of a regular Lagrangian flow for a vector field b satisfying

be Wl (RERY),  divh e LoO(RY), - J‘r " € LY(RY) + L=(RY). (3.1)

For simplicity, we restrict ourselves to the autonomous case. This restriction is not necessary,
but it allows us to work with a flow depending on a single time variable instead of two time
variables, which simplifies the proof.

Theorem 5. Assume . Then there exists a map X € C(R; L(R%;RY)) with the following
properties.

1) For almost all € RY, X(-,z) € WoX (R;RY) and

loc

X (t,x) =b(X(t,z)) onR, X(t,x)|t=0 = . (3.2)
2) For allt € R
e MPmd < X(t, Jpmd < eMPmd where D = |[div b poo (ray - (3.3)
3) If u® € L(RY), then u®(X (t,x)) is the unique renormalized solution of with ¢ =0
for the initial data uP.

4) The following group property holds: For all s,t € R

X(s+tz)=X(s,X(t,x)) a.e. on RY, (3.4)

In particular, Theorem [5/implies that for every T' > 0, the restriction X ][O,T] <Rd 1s a regular
Lagrangian flow for b.

In the proof of Theorem 5] we will use the following estimate of the “superlevels” of the
flow, due to Crippa and DeLellis [CLO8|. If X is a regular Lagrangian flow, we define

GX = {z eRY: |X(t,x)] <\ forall t €[0,T]}. (3.5)

In Lemma |8, we assume that the growth condition @ holds. We write [b]/(1 + |z|) = b + b,
where b' € L'(0,T; L' (R%)) and b € L'(0,T; L= (R%)).

Lemma 8 (|[CL08|, Proposition 3.2). Let b € LL ([0,T] x R?), assume (@, and let X be a
reqular Lagrangian flow for b. Then for every R > 0

m®(Br(0)\ Gy ) < g(R,\).

The function g only depends on Hb1HL1(07T;L1(Rd)), ”b2”L1(07T;Loo(Rd)) and the compressibility
constant of X. For fized R, limy_,o, g(R,\) = 0.

Proof. By property [F1)|of a regular Lagrangian flow,

1+ |X(¢,
/ sup log< + | v >d </ / ’8t dt dx
B te[0,T) 1+R Br 1+ \X t ) |

/ /T|thtx ) gt
Br 1+ X (t, )] .
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Using the decomposition [b|/(1 + |z|) = b! + b, we obtain

T
/ sup log<1+‘X(t’m)|>dx§// bL(t, X (¢, 2))] + [b2(t, X (¢, z))| dt dw
Br t€[0,T] 1+ R 0 JBg

< KHblHLgL; + md(BR)HbZHL}Lgo :

Here K is the compressibility constant of X from Definition [I} By Chebyshev’s inequality,

T+A\\*
w8\ 6Y) < (tou(1 73 ) ) (K, + BP0 )

Now, the function on the right-hand side has the required properties of g. O

Proof of Theorem[5. By Corollary |4 there exists a X € C(R; L(R%RY)) such that for each
1 <j <d, X; is the unique renormalized solution of

BX;—b-VX; =0 onRxRL  Xjleo= ;. (3.6)

Even though Corollary |4] is formulated for a finite time interval [0,7], we get a solution

X ¢ O(R; L(R%RY)) as follows: For every T > 0, there exists a unique solution XJT €
C([0, T]; L(R% RY)) of on [0, T] x R%. Therefore, if S < T, then X7 |5 gjxre = X; almost
everywhere. Hence, by inductively choosing X7' for n € N such that X7| ,jxre = X" for
m < n everywhere on [0,m] x R?, we can define X/(t,z) = X}(t,x) for some n > t. The

construction for negative times is the same.

Part 2). By Lemma , for every u € C(R%), u®(X) is the unique renormalized solution of
(2.1) with ¢ = 0 for the initial data u°. Combining this with (2.33), we see that for every
u € C(RY) N LY (RY)

d

pr Rd}uO(X(t,a:))] dv = — /Rd(div D)l (X(t,x))|dz  for ae. t€R. (3.7)

Let D :=||divb|| ;. By Gronwall’s inequality and (3.7)), for every t € R
e tP ‘uol dr < }uO(X(t,m))’ dz < €l }uo‘ dx . (3.8)
Rd R4 R4

Let A € R? be a measurable set. Letting u® T x4 in (3.8) and the monotone convergence
theorem imply (3.3)).

Part 8). We now show that also for u® € L(R?), u(X) is the unique renormalized solution
of (2.1) with ¢ = 0 and initial data u®. By Lusin’s theorem, C'(R?) C L(R?) is dense with
respect to local convergence in measure. Let ul € C(RY) be a sequence converging to u’
in L(RY). By passing to a subsequence, we may in addition assume that u) — u° almost
everywhere on R?. By part 1) of Theorem 4} ©2(X) — @ in L(R x R?%), where @ is the unique
renormalized solution of with (b,0,u"). To show that @ = u°(X), it suffices to show that

ud(X) = u®(X) a.e. on R? for a.e. every ¢t € R. This is the case because for a.e. t € R
md(X(t, -)_1({33 eR?:ul(z) » uo(x)}>> =0
by (33).
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Part 4). Let s € R. By the previous paragraph, X (s, X(¢,z)) is the unique renormalized
solution of

Ou—b-Vu=0, ul—o = X (s,-).
However, X (s+t, ) is also a renormalized solution of this equation. So by uniqueness (Corol-

lary , X(s+t,x) = X(s, X(t,x)) for almost every x € R%.

Part 1). Let by = bxpy/y,, where py,, is a regularizing kernel defined in (2.5). By the growth
condition in (3.1)), we can write [b] = (1 + |z|)(b' + b?), where b! € L} (R?), b* € L>®(R?) and
b, %2 > 0. Using that P1/n 18 supported in Bcp/n(O) for some C, > 0, we compute

b 1
L+ |z 14|z /Rd b(y)p1/m(y — ) dy'
1
< Trr Rd(bl(y) + 0% (W) (A + [yDp1/nly — ) dy 59

< p/Rd(bl(y) +0%(y))p1ynly — ) dy
=C, (b« P1/n Tt b* P1/n) -

Here C'p is some constant only depending on p.

We claim that there exists a flow X, € CY(R x R%R?) for b,. By the local version
of the Cauchy-Lipschitz theorem, for every 20 € R?, there exists a T > 0 and a solution
v € C([0,T];R?) to the ODE with b replaced by b,. By (3.9), bn/(1 + |z|) € L®(R%),
since ||b! *P1jnllLe < 64| 11 |p1/nll L. Therefore the solution vy can be extended to a maximal
solution on [0, 00). The same argument applies for negative times. Thus, there exists a global
flow map X,, : R x R — R? Since b, € C'(R?), by Proposition X, (t,) € CY(RZ;RY)
for every t € R. Since b is autonomous, we also have X (-,z) € C*(R;R?) for every z € R,
and hence X € C*(R x R%;R%).

Since b, is locally Lipschitz continuous, X, has the group property . We compute

d

Since 0¢ Xy (—t, x) = by (X, (—t, x)), we see that X, satisfies the transport equation with ¢ =0
in the classical sense:

0 Xo(t, X (—t,2))) = X (t, Xo(—t, 7)) — DX (t, Xpn(—t, ) O X (—t, ) .

X, — b, VX, =0, Xn|i=0 = idpa
By the chain rule, for every 8 € C1(R?),

Thus, for every 1 < j < d, the j-th component X, ; is a renormalized solution of with
(bn,0,;). By part 1) of Theorem 4| for every 7' > 0, X,, — X in C([-T,T]; L(R%;R?)). In
particular, X, — X in L(R x R%R%).

We now show that for every 8 € C*(R?) such that 8 and |V|(1 4+ |z|) are bounded, the
following equation holds in the weak sense:

AB(X)=b(X) -VB(X) onRxR?  B(X)|j=o=8 onR? (3.11)

For simplicity, we only prove this on [0, 00) x R%. The argument for negative times is the same.
Since 9, X,, = b,(X,) and X,, € CH(R x R%:R?), (3.11) holds with X and b replaced by X,
and b,,. Thus, for every ¢ € C°([0,00) x RY)

- /°° B(Xn(t, x)) D e it — / 6(0)5 dz = /°° b (Xt 2)) - V(X (t, 2)) & da d
0 Rd R4 0 R4
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Our goal is to prove

/ Rdﬁ (t,x)) Orpda dt — /IRd ﬁdx_//Rd ) - VB(X(t,z)) ¢ dadt.
(3.12)

Since X, — X in L(R x R%) and B is bounded and Lipschitz continuous,

/Oo B(Xn(t,x))8t¢dxdt—>/oo B(X (L, 3)) 046 da dt .
0 JRrd n—oo  Jo JRrd

Thus, it remains to show that

//R )- VB(X (t,w))(ﬁdwdtm//w ) VB(X(h ) b di
(3.13)

By (3.10)), X, is a renormalized solution of the transport equation with (by,,0,idga). Since

divb, € L®(R?), by the computation in the proof of part 2), the measure X,(t,-)xm? is

absolutely continuous with respect to m? and
e MPrmd < X, (t, Jgmd < eltPrpd. where Dy, := ||div by || o (ga) - (3.14)
Let hy(t) be the density of X,,(¢,-)4m?, and let T > 0 such that supp ¢ C [0,7) x R?. Since

[div bpl| 0o = H(diV b) * p1/n < || divd|[ e ,

P

{hn}nen is bounded in L>=([0, 7] x RY) by (3.14). By (3.3), also X(¢,-) is absolutely contin-
uous with respect to m?, and we denote the density of X (¢,-)4 by h(t,-).
By changing variables and using the group property, (3.13)) is equivalent to

/Oo/ b VB O(t, Xn(—t,2))hn dudt —— /OO/ b- VB X(—t,x)hdudt. (3.15)
0 JRA 0 JRd

n—oo

Since ¢ is bounded and h,, is bounded in L>([0, 7] xR?), by the Banach-Alaoglu theorem, there
exists a subsequence ¢(t, X, (—t,x))hy, of ¢(t, X, (—t,z))h, converging weak-* in L>([0, 7] x
R%). To identify the weak-* limit, we test against ¢» € C°([0,T] x R%).

// Vp(t, Xy, (—t, ) hg, dodt = // U(t, X, (t, )¢ dz dt
o, / O(t, X (t,2))pdx dt = / Yo(t, X (—t,z))hdxdt.
Rd 0 JRd

The convergence follows from X; — X in L(R x R RY), the compact support of ¢, and
because v is bounded and Lipschitz. Since this argument also applies to any subsequence of
o(t, X (—t,z))hy, we conclude

B(t, Xn(—t,2))hpy —* o(t, X(—t,z))h  in L=([0,T] x R?). (3.16)

Let A > 0. We write

b+ VB o(t, Xp(—t,2))hn dx dt — /OO/ b~VB¢(t,X(t,x))hd:ndt‘ (3.17)
0 JRd

Rd

bn- VB, Xp(—t,z))hy —b- VB @(t, X (—t,x))hdx dt’ +7rn(A) +1r(N),
By
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where

rn(A) = / / bn- VB o(t, X (—t,x))hy, dxdt for n € N,
0 JRA\B,

r(A) =

/w/ b-VB(t, X(—t,x))hdzdt
0 JRANB,

To conclude , we show that the right-hand side of (3.17)) can be made arbitrarily small
by choosing A appropriately and n large enough. By } and since b, — b in Llloc(]Rd), for
every fixed A > 0, the first term in the second line of (3.17) converges to 0 as n — oc.

Since |Vj|(1 + |z|) is bounded and (EI) holds, b- VB € LY (RY) + L>®(RY). By and
since ¢ and h are bounded on [0,7] x RY,

o(t, X (—t,z))h € L*(0,T; L") N L*(0,T; L™).

Thus r(A) — 0 as A — oo. We finish the proof of (3.15) by showing that r,(\) — 0 uniformly
in n as A — oo. By (3.9),

) < Cos [T 0+ 8 g0 Xt )
0 JrRA\B,

< oz MalumoasaT [, | ¥ % pynds
A

T
+ Cpp 0P e ey /0 / (7th\BA)|¢>|dxdt.

In the last line, we changed variables 2’ = X (—t,x). Since supp p; /n C Bg, j for some C), > 0,
and since h,, is bounded in L>([0,T] x R?), the first term on the right-hand side converges
to 0 as A — oo, uniformly in n. Let R > 0 such that supp¢ C [0,7] x Br(0). By the group
property, X,(—t,z) = X,,(t,-)~!(z). Therefore

T T
I ol dodt < 6], [ m?({ € Ba(0): 1Xa(t,0)] 2 A)) de
0 JXn(—t,RN\B)) “Jo
< [[@ll e, Tm (Br(0)\ G ™) -
Here Gi(" is the set defined in 1} We now want to apply Lemma |8l By 1)

12 ~
1+ |3§'| < Cp(bl * pl/n + b2 * pl/n)a

and b' x P1/n € LY (RY), b2 * P1/n € L>®(R%). Thus, by Lemma
m?(Br(0)\ Gx") < gn(R, X)

where the function g, depends only on the compressibility constant K,, of X,, as well as the
norms [[b" % p1 /|| 120711y and (6% p1 | 110,710y~ Since { Ky bnen is bounded by (3.14) and
1 1 2 2
6 *pl/nHLl(o,T;Ll) <o HLl(O,T;Ll)’ o *pl/nHLl(o,T;Loo) <l HLl(O,T;LOO)’

we conclude that g,(R,\) — 0 as A — oo, uniformly in n. Therefore r,(A\) — 0 as A — oo,
uniformly in n.

We now show that for almost every x € R%, X (-, z) € VVlloc1 (R) and 0y X (t,z) = b(X (t,x)).
Since b- V3 € L*(RY) + L®(R%), by

b(X) VB(X) e LY=T,T; L"(RY)) + LY (=T, T; L= (R%))
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for every T' > 0. In particular, b(X) - VB(X) € L{ (R x R9).
Thus

b(X(t,z)) - VB(X(t,x)) € LL (R)  for ae. z € R%L (3.18)

This is true for the “loc™spaces, because both R and R? can be covered by a countable number
of compact sets.
Let 1) € C2°([0,00)) and ¢ € C°(R?). We choose ¢(t, x) = £(x)(t) in (3.12).

—/0 [ ) ¢owdrdt—u(0) | pedn- /0 |00 Va0 i dadr.
Since € is arbitrary, for a.e. € R,
- /OOO B(X(t,2))0up(t) dt — (0)B(x) = /OOO b(X(t,x)) - VB(X(t,2))(t)dt. (3.19)

Fix 2 € R? such that both and hold. Then B(X(t,x)) € Wlicl (R). We choose
S = tanh(z;), where z; is the i-th coordinate function. Thus, tanh(X;(¢t,z)) € C(R) after
modifying X;(-,x) on a m!-negligible set. It is possible to achieve this via a modification of
X;(+,z), since tanh’ > 0 on R. Since tanh is strictly increasing, this implies X;(¢,z) € C(R).
Let 7> 0 and 1 < i < d. By the time-continuity of X just shown, X ([T, T],z) C R is
compact, so we may choose 3 such that S(X(t,x)) = X;(t,x) for all t € [-T,T]. Then,
shows that X (-,z) € W' (R; RY) and 8,X (¢, ) = b(X (t,z)). O

loc

3.2 Uniqueness

Instead of working with regular Lagrangian flows, DiPerna and Lions [DL89] use a different
characterization of the flow map. For time-dependent vector fields, they introduce a map
X :[0,T)? x R* — R? where (informally speaking) X(s,¢,z) is the position at time s of a
particle that was at x at time ¢. This flow belongs to C([0,T]?; L(R% R%)) and is uniquely
determined by the following three properties:

1) Let 8 € C1(RY) such that 8 and |V3|(1 + |z|) are bounded. Then for every t € [0,77,
the following equation holds in the weak sense:

0sB(X) = b(s,X) - VA(X) on (0,T) xR?,  B(X)|s= =5 onR’

2) There exists a K > 0 such that K 1m? < X(¢,-)zm? < Km? for all t € [0, 7).
3) For all s,t,r € [0,T],

X(s,t,x) = X(s,r,X(r,t,2)) for a.e. x € R (3.20)

The third property is the analogue of the group property if b is time-dependent.
However, subsequently it has been shown that and the lower bound on the pushforward
measure X (t, -)#md are not required for uniqueness of the flow. This is a consequence of more
general principles connecting uniqueness for the continuity equation with uniqueness of regular
Lagrangian flows.

The continuity equation for b is the following PDE. It is a special case of the transport
equation with ¢ = divb and b replaced by —b.

dpu +div(bu) =0 on (0,7) x RY, ulj—g = u® on R? (3.21)

These principles were introduced by Ambrosio in [Amb04]. A comprehensive treatment of
them can be found in [ACO8|, p. 11-19. Below, we use the connection with the continuity
equation to give a direct proof of the uniqueness of regular Lagrangian flows.

37



Lemma 9. Assume that (@) holds and let X be a reqular Lagrangian flow for b. Let u® €
C>®(RY) and g(t,-) be the density of X (t,-)4(u® dm?) with respect to m?. Then g is a weak
solution of the continuity equation with initial data u°.

By the second property of a regular Lagrangian flow, the measure X (t,-)4 (u’ dm?) is
absolutely continuous with respect to m? and its density belongs to L>([0,T] x R?). Hence
the weak formulation of the continuity equation is well defined with u = g.

Proof. Let ¢ € C°([0,T) x R%). Since X(-,z) € WL1(0,T;R?) for almost every z € RY, by

the chain rule for Sobolev functions

%(qﬁ(t,X(t,x))) = 0p(t, X (t,2)) + b(t, X (t,z)) - Vo(t, X (t,z))  for a.e. x € R%

Integrating over [0, 7] yields

T T
—¢(0,x) = /0 O (t, X (t,x))dt +/0 b(t, X (t,x)) - Vo(t, X (t,x))dt for a.e. x € RY.

(3.22)

Since b- V¢ € L'(0,T; L' + L>), by property of a regular Lagrangian flow, also

b(t, X (t,x)) - Vé(t, X (t,z)) € L'(0,T; L' + L™).
Thus, we may integrate (3.22) over R? after multiplying with u°,
T
—/ u’¢(0, x) de = / / u0orp(t, X (t,x)) dx dt
Rd 0 JR4
T
+ / / ub(t, X (t,z)) - Vo(t, X (t,2)) de dt
0 JRd
By definition of g, this equation is the weak form of (3.21)) with u = g. O]

Theorem 6. If b € L'(0, T; W (R RY)), divh € L'(0,T; L%(R?)) and () holds, then the

loc
reqular Lagrangian flow for b is unique.

Proof. Let X,Y : [0,T] x R — R? be two regular Lagrangian flows for b. Let u® € C°(R%)
and gx, gy € L>([0,T] x R?) be the densities of X (t,-)x(u®dm?) and Y (¢,-)x(u® dm?). By
Lemma@, both gx and gy are weak solutions of the continuity equation for the initial
data u®. Since weak solutions of are unique by Corollary [2, we have gx = gy a.e. on
[0, 7] x RY.

By Proposition gx, 9y € C([0,T); LT (R?)) for every r < oco. Thus gx(t,-) = gy (t,-)

a.e. on RY for every ¢ € [0, 7). Hence, for every t € [0, 7]
X(t, )% (u®dm?) = Y (t, )2 (u® dm?)

as measures on RY. Testing against & € C°(R?) yields

/uof(X(t,m))dm:/ WOE(Y (t, 7)) da
R4 R4

Since u is arbitrary, (X (t,7)) = £(Y(t,7)) a.e. on RY. Since £ is arbitrary, we conclude
X(t,z) = Y(t,x) a.e. on R? for every t € [0,T]. Because X (-,z) and Y'(-,z) are continuous
on [0, 7] for a.e. x € R%, this implies X (-,x) = Y (-,2) on [0, 7] for a.e. x € R%. O
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4 Counterexamples

4.1 The growth condition

To illustrate the necessity of the growth condition @ for uniqueness of solutions to the trans-
port equation, consider the following example in two dimensions. Let

.’132
x>0

0 <0

Since b is smooth, b € I/Vli’cl (R?). Furthermore, divb = 0. z
Note that u € C1([0,00) x R?) is a solution of the transport
equation (2.1) with ¢ = 0 if and only if it is constant along all
characteristics of —b.

The flow map of —b is

<1/<x—1+t>> . ; =,

y(1 + tx)?
X(t,z,y) = Figure 1: The characteris-
<x> <0 tic curves of —b, projected
Y to the z-t-plane.

Every characteristic curve intersecting the plane ¢ = 0 stays in the region {(¢,z,y) € [0,00) x
R? : 2 < 1/t} for all t > 0. Hence, the initial condition at ¢ = 0 does not affect the region
{x > 1/t}, so there are infinitely many solutions to the transport equation. For instance, let
h € C*(R) such that supph C (0,00). Then

h(t — =) x>1/t
0 x <1/t

is a solution in C([0,00) x R?).

4.2 Integrability of the derivatives of the vector field

We will construct an autonomous vector field b on R2 such that

be WSH(R?)  for every s € (0,1),

4.1
b e LP(R?) 4+ L®°(R?) for every 1 < p < 2, divb = 0 on R? as a distribution, 1)

and there are two distinct regular Lagrangian flows for b. Here, W*! is a fractional Sobolev
space which will be explained later. This example is from section IV.2 in [DL89|, except that
DiPerna and Lions define b slightly differently for |z| > |y.

We define b as follows:

—Ssgn(y)\ . .
b(z,y) = ( y2_|1 ) if |z] < |yl b(z,y) =0 if [z] > |yl. (4.2)
)

Note that b comes from the Hamiltonian

—w =l <lyl - o1
H(z,y) =4 -1 x> |y ie. by = “oy T
1 z < —lyl
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Figure 2: Flow lines of X and Y.

Therefore, divb = 0 as a distribution on R?.

Before verifying the other properties listed in (4.1)), we construct the regular Lagrangian
flows. For (z,y) € R x [0,00), define

LVy? —2t
Z(t,x,y) =" if |z| <y and t < y?/2. (4.3)
V2 — 2t
If |z| > y, we define Z(t,z,y) = (x,y) for all t € R. We do not define Z for |z| < y and
t > y%/2. Note that

02 (t,w,y) = b(Z(t,m,y))  ift<y’/2.
Hence, for each (z,y

) € R x [0,00), the curve t — Z(t,z,y) is the trajectory along b until the
origin is reached. Moreover,

det DZ(t,x,y) =1 ify >0, |z| <y, t <y?/2.

(4.4)
Beyond the origin, we extend the curves in the following two ways: We define the z-
components of two flows XY for (z,y) € R x [0,00) by
. Z.(t, z, t<y?/2
Ktay) = A0V v/
_Za:(y —t,:v,y) t>y/2
. Zp(t, 2,y t<y?/2
Vot ) = | 2 ) : 2/
The y-components of X and Y are defined identically:
> - Zy(t, x,y) t <y*/2
Xy(taxvy) :Yy(taxay) = g 2 2
_Zy(y _taxvy) t>y/2
Next, we extend X and Y to y < 0 using the symmetry of b. Because b(z, y) = b( —y),
we set

X(t >0
X(t,x,y) — (~a$)y) y = )
—X(=t,—z,—y) y<O0
We also extend Y to y < 0 by the same formula and call the resulting flow Y.

Let (z,y) € R? such that |z| < |y|. Then, for all but one ¢ E R, X(-, ,y) and Y (-, z,y)
are differentiable and solve the ODE (1.1)) with initial data (z,y). Due to (4.4), X and Y are
measure-preserving.
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We now check the properties in , beginning with b € LP(R?) 4+ L*°(R?) for every
1 < p < 2. Since b is bounded on R?\ By, it suffices to show that b € LP(B;) for every
1 < p < 2. First, consider b, = —wsgn(y)/|y|?. Since |b,| is invariant under negation of y, it
suffices to show that b, € LP(B; N {y > 0}). Because b = 0 if |z| > |y,

b2 < Vi |bx|P dx dy = Vi mdajd
wllLe(Bin{y>0}) = @ ¥= 2p T
0J—y 0J—y Yy
Lrv1 1
§// d:r;dy:Q/ ——dy < 00.
0J—y yP 0 yP

The computation for b, = —1/|y| is similar.
Next, we show that b € VVIOC (R?) for every 0 < s < 1. For an open set Q C R, the
fractional Sobolev space W*1(Q) is defined as (see [DPV12|, p. 524)

s u(z) —u(w
wsl(Q) = {u c LY(Q) : W e LY x Q)} .
We also write
ulz) —ulw
ey 1= | gy M el = s+ s

The notation b € I/Vlf)c1 (R?) means that b € W*1(Q) for every bounded, open set Q C R2.
Because b € L' (R?)+L>(R?), we have b € Li,.(R?), so we only need to show that [u]yys.1(p,) <
oo for every R > 0.

First, we show that b is of bounded variation on By \ By. For simplicity, we will only
consider (By \ B1) N{y > 0}. In fact, since b is symmetric around y = 0 up to signs,

10l BV (Bs\B1) = 2[1bll BV ((Bs\B1)N{y>0}) -
The total variation of b splits into the following two parts:

4/\/
101l BV ((B4\B1)n{y>01) = 110l BV (B BN {J2]<yl,y>0}) +2\[/ b(x,z)|dx (4.5)

The second term comes from the discontinuities at the lines x = y and x = —y. Since
be Cy((Ba\ Br) n{lz] < yl, y > 0} R?),

the first term in (4.5)) is finite. The integral in (4.5)) is
4/v/2 4/\/
/ |b(x, )| da:—\[/ —dx<oo
1/v2 vz &

Therefore b € BV (B4 \ By).

For every bounded open set  C R¢ with Lipschitz boundary, there is a continuous linear
embedding BV () — W*1(Q) for all 0 < s < 1, see Proposition Therefore also b €
WS’I<B4 \ Bl)

For k € Z, let Ay, :={z € R? : 2F < |2| < 2k+1} and define for k,¢ € Z

Iy = / / dwdz 4.6
Ay J A, |Z - w|2+s (4.6)
Then, for all m € Z

Bl Bm) = Y > Tne- (4.7)

k<mé<m
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We will now estimate I o. If & = £, we have

w)|
I = s dwd
kk — WlAk /Ak/Ak |z—w|2+5 wdaz .

Using that b is homogeneous of degree —1, we can express this in terms of [b]Ws,l( Ag)- By
changing variables ¢ = 2%z and n = 2 *w,

16O = b ar "
= A=) [p].1
o= /AO/A 2M 2+5)!C— \2+52 A

By the above discussion, we know that b € W*!(Ag). Moreover, the sum Y hem 2k(1=5) js
finite since s < 1. Therefore, the contribution of the diagonal terms I}, ;, to is finite.

Next, we look at the case £ = k + 1. We note that I k11 < [blys1(a,04,,,)- Again by
homogeneity of b,

Bl (apuags) = 28079 Blie (aguay) -

Because Ag U Ay = By \ By and b € W*!(B, \ By), the contribution of the terms It k+1 to
(4.7) is finite. By symmetry, also the contribution of the terms Iy 1 is finite.

The remaining case is when |k — ¢| > 2. Assume that k < £. If z € Ay and w € Ay, we
have

‘z - w’ > 26—17 \b(z)\ < 2—/~H—17 \b(w)] < 2—34—1 < 2—k:+1 )

92— k+2
/Ak/Ae |z—w|2+ d dz </ /AQ(E 1)(2+)dwd2

< Cs 27@(24‘8)*]{ . 22]€ . 22@ — CS 2*@84”{ .

Therefore

Since s < 1,

Z Z 2—Zs+/€ 22—&9-1—@ 1

<m k‘<f 2 <m

so the contribution of the terms I, (k < ¢ —2) to (4.7) is finite. By symmetry, also the
contribution from k > ¢ 4 2 is finite. This concludes the proof that b € VVl“z)s (R?).

4.3 Integrability of the solution

Consider the transport equation with ¢ = 0.
Ou—b-Vu=0, u)i—o = u® (4.8)
For simplicity, we set T'=1 in this section. Let 1 < p,q,r < oo such that 1/p+1/¢ =1 and
be L'0, ;W (RERY N LL ), divb e LH0,1; L=(RY))

such that (EI) holds. Then, by Corollaries |1| and , weak solutions of (4.8) in L°°(0, 1; LP(R%))
are unique provided that

<1. (4.9)
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Outside the range (4.9)), uniqueness of (4.8)) may fail. In this section, we demonstrate this by
a counterexample of Bru¢, Colombo and Kumar [BCK26|. They showed that if d > 2 and
1 d-1

E—i_ dr

>1, (4.10)

then there exists a compactly supported vector field
b C([0,1; W (REGRY) N O([0,1]; LYRERY))

for which there exist two nonnegative solutions of (4.8)) in C([0, 1]; LP(R%)).
The full construction for the range (4.10)) is not presented here, but only the simpler version
from section 2 of |[BCK26|. It covers the case p =1 and r < d.

Theorem 7 ([BCK26|, Theorem 2.1). Let d > 2 and r < d. Then there exists 0 < o < 1 and
a compactly supported vector field

be C(0,1]; W (REGRY) 0 C([0,1] x REGRY),  divb =0,

for which there are two nonnegative solutions of @ in L>°(0, 1; L' (RY)) with the same initial
condition.

Here, C'* is the space of a-Holder continuous functions with the seminorm

1l ge = sup L&) = SWI

TF£y "T - y’a

4.3.1  The self-similarity of the vector field. First, let us introduce some notation. For £ > 0
and z € R?, we denote by Q(x) the closed cube of side length ¢ centered at x, that is

Qu(z) == {y €R?:max {|z; —y;|: 1<) <d} < e/z} . (4.11)

Let g € N>j and k € {—1,1}9. We define the centers of dyadic cubes of the g-th generation
in one dimension by

1<,
c;(k:) = 52!@]-2 7.
j=1

The numbers ¢, (k) are evenly spaced in [—1/2,1/2] with distance 279. For example, if g =

1
g
)

2 they are —% —%,%, %. For k € ({~1,1}9)% we define the centers of dyadic cubes in d
dimensions by
d
cg(k) = (Céli(kj))jzl' (4.12)

For notational convenience, instead of directly constructing b, we will construct a vector
field a(t,-) = —b(1 — ¢, ) and two solutions to

Oiu—a-Vu=0, ulp—y = u'. (4.13)

Their common value at t = 1 is u! := X@.(0)- Since a will be supported in Q@1(0), one solution
to (4.13) is the constant solution xq,(0)(z). The second solution is denoted by u and will
satisfy

ulimo = u* = 2"Xp-winyy,  where P(s,0) = | Qs(ler(k)). (4.14)
ke{—1,1}d
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Figure 3: The solution u at t = 0 and ¢ = 1. The intensity of the color indicates the
magnitude of u. (From [BCK26|, Figure 2)

for some v > 0. Note that HUOHL1 = HUIHU = 1. Figure |3| shows the initial and final state of
u for d = 2.

The vector field a “diffuses” the 2¢ cubes of u® by repeatedly breaking them into smaller
cubes while preserving the L'-norm. To formulate this precisely, we define

ti=1—2 (1B = tit tivy

5 for i € N>q.

At time t;, the solution u is concentrated on 2% cubes of side length 2~ (*+V7 centered at
ci(k) for k € ({—1,1}")4. The value of u on these cubes is 2"% and 0 everywhere else, so that
|u(t;)||;1 = 1. From time t; to ¢, each cube is broken into 2¢ smaller cubes of side length
2~ WD+ and the magnitude of u increases so that the L'-norm is preserved. At time i,
the centers of the 241 cubes do not align with the centers of the dyadic cubes of generation
¢ + 1. This is fixed by moving the cubes to the centers from time ¢]" to t;11. The process is
shown in Figure [4]

Translating cubes which are separated by a positive distance is relatively straightforward.
In we explicitly construct a vector field a for this task, and we define @ in terms of a
on [t;n, tiJrl)-

The crucial part is subdividing each cube into smaller cubes. The key observation of
[BCK26] is that breaking a cube into 2¢ smaller cubes is exactly the original problem, reversed
in time. Thus, a should be defined on [t;, ") as a collection of 2% time-reversed and scaled
copies of itself.

— — +m —
t=t t =t t=t

I I I I 1

I I I I I 1 I

I B E ' BB u u | O u

I e e T

I EE ' EB'H I I I

| | | | | 1 |

| | | | . | . 1 . | .
,,,,,,,, L e oo e O e S

| | | | | I |

| | | | | I |

I H B I | 1 | u I u 1 u I u

I (I L L Lo oLl _L___

I E'E ' E'H I 1 I

I I I I I I I

I I I I u I u I u I u

1 1 1 1 1 1 1

Figure 4: The evolution from ¢ = t¢; to t = t7* consists of four scaled and time-reversed
copies of the original problem. From time t]* to t3, the vector field @ is used to translate
the cubes, so their centers align with ca(k) for k € ({—1,1}?)%. (From |[BCK26|, Figure 5)
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4.3.2 The contraction map. The self-similar nature of a suggests constructing a as the fixed
point of a contraction on a suitable complete metric space. Let A be the space of all

a € C([0,1]; W (R% RY)) N C([0,1] x RERY) (4.15)
such that
ali=o = ali=1 =0, diva =0, suppa C [0,1] x Q1(0) . (4.16)
We equip A with the norm
lall 4 = [IVallg(o,1;2- ey + Nlallga(o,xre) - (4.17)
Lemma 10. Ifr <d and 0 < a < 1, then A is a Banach space.
Proof. Since r < d, by Sobolev inequalities and suppa C [0, 1] x Q1(0),
HQHU(Rd) < Cd,rHVCl”Lr(Rd) : (4.18)

Thus, if ||a|| , = 0, then a = 0. Since the triangle inequality and homogeneity of ||-|| , are clear
from the definition, |||, indeed defines a norm.

To show that A is complete, let a,, € A be a Cauchy sequence with respect to . By
and the completeness of C ([0, 1]; WL (R?)), a,, converges in C([0, 1]; W7 (R9)) to some

aw .
Next, we observe that

A= C%([0,1] x Q1 (0); RY), (4.19)
where C% is the space of functions f for which the norm
[fllcoe = flle, + 1 Fllca
is finite. The embedding (4.19)) is continuous, since for every a € A and (t,z) € (0,1] x Q1(0)

a(t,rz) —a(0,x
at, )| < SED = EODN

The first inequality holds because al;—g = 0 and 0 < ¢ < 1. Since [0,1] x Q1(0) is closed
and bounded, C%*([0,1] x @Q1(0);RY) is a Banach space (see [Eval0], p. 255). Hence, a, also
converges to some a, in C%([0,1] x Q1(0); R?).

The two limits ay and a, must agree almost everywhere, since a,, converges to a,, uniformly
on [0,1] x R?, hence also in L ([0, 1] x R4 R%).

loc

Finally, ay = a, also satisfies (4.16)) because the maps
c%([0,1] x Q1(0);RY) — CO’O‘(Ql(O);Rd) a > alg=o or a — ali=1,
wim(R%:RY) — LT (RY) a— diva
are continuous. O

We now define a contraction F on A. To this end, we introduce the following notations.

28— 4
Ap=t" —t; =27 <2 5 1), K¢ = ({-1,1})¢ (4.20)
If t € [t;,t"), we define
F(a)(t,z) == 1 Z a -t 2 (1 — (k) (4.21)
5 2(V+1)iAi = Az ) 4 .
cKe

7
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The scaling factor in space is 2~#+1% since each block at time ¢; has side length 2~ #+1Di If
t € [t", tit1), we define

Fla)(t,z) == m (

kexd

t—t"

, 2z — ci(k)); 270D 2”’) (4.22)

Here a(t, x; s, £) is the vector field from Proposition 4| below, which translates 24 cubes of side
length s, evenly arranged in Q;(0), to the centers of the first-generation dyadic cubes, namely
c1(k) for k € K{. The cubes should be moved to the centers of the (i 4 1)-th generation dyadic
cubes, hence the space variable is scaled by 2¢. Since our cubes have side length 2~ (*+1(+1)
we set the parameter s of G to 2~ WD+ /9=t — 9=v(+D—1_ Rinally, we define F(a)(1,z) = 0.

To prove that F maps A to A and is a contraction, we need estimates for a. These are
collected in Proposition [4] together with properties of the corresponding solution 4. The proof
is deferred to §4.3.4 As described above, the values of @ at t =0 and ¢ = 1 are

0" = Xp(sg, U =Xp(s1) where P(s,0):= | ] Qs(ler(k)). (4.23)
ke{-1,1}d

Proposition 4. Let 0 < 4s < £ < 1. Then there exists
a(t,z;s,6) € C°([0,1] x RLRY),  such that diva =0, suppa C [1/3,2/3] x Q1(0)
and a(t,z;s,0) € L2([0,1] x RY), @ > 0 such that
Qi—a-Vi=0 on[0,1]xRY  dlcpiyy =1, dleppmy =it (4.24)
Furthermore

m(suppa(t,-)) <49 for all t €]0,1],

) ) (4.25)
HaHL;X’z S Cd, HV(t@)CL oo S C’d/s.
Proposition 5. Letd>2 and 0 < o, 8 < 1. If
vd 1-06
1 —logy(2° —1 4.2
v> OgQ( )7 T<y+5’ a<1+y7 ( 6)
then F maps A to A and is a contraction.
Proof. Let a € A. We first estimate HVF(a)(t)HLg. If t € [t;,t]"), by the chain rule
VF Z Va( ;2D cl(k))> .
keKjd
Since the summands have disjoint support,
1/r
—1 v+1)i '
vF@Ol = 5| 5 [ Va5t 2 e - e as
kerd ” & Ai
By changing variables ' = 20**1i(z — ¢;(k)) and using that |[K¢| = 2!¢, we obtain
1/r
1 1 m T
V@Ol = 5 | Y ol Val@ - 0/80l5 | = gz Vale - @20

kekd
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Substituting the definition of A; (4.20]), the constant on the right-hand side is

1 _ oi(B—vd/r) 2 —iv 2

Here, we used that vd/r > v + f and v > 1 — logy(2° — 1).
Let a,a’ € A. By definition, F(a)(t) = F(a’)(t) for every t that is not in [¢;,¢]") for some
i € N>1. Therefore, by (4.27) and (4.28))

IV(F(a) = F(a)lg,p, = [VF(a— <||V(a— (4.29)

a) HCtLg a) HCtLg :

If t € [tI",ti+1), then by a similar computation as above and estimates for the building
block vector field (|4.25))
2Vi(1—d/'r)

<C g

cap = TTA (4:30)
<C 2

9 —1 = Tvdrog -

In the last line, we used that r < %. From (D 1) and 1} we conclude
IVF@)le,r: < Cudins + [ Vallcy, (4.31)

We now turn to the Holder part of the norm (4.17). For this, we note that for any two
functions f, g,

IVE@O; < 5| va(tz2rte-, o)

= Cyanr 2i(y—yd/r+ﬂ)

supp f Nsuppg =0 = [If + gllce < max{|[fllca; lgllca}- (4.32)
Since supp; a C [1/3,2/3],

”F(a)Hca([o,ude) < S‘EJII\I) (ma‘x{HF(Q)HCQ([ti,t;"]XRd)? ”F(a)Hca([t;n,tiH}de)}) : (4.33)

We first look at the intervals [t;,t]"]. Since v > 0, the summands in (4.21) have disjoint
support in space. Hence it suffices to estimate them separately by l} For every k € le-l,

a<tz‘A: t’Q(V—H)i(Qj‘ o Cz(k))>

Co ([t ] xRY)

L (R ) a2 eai)|

S,EE[t; t], st (|t — 52+ |z — y|2)a/2
Y

. Ja(t, ) — (s, )|

t 1ps t (A2l — 5|2 —2(v+1)i|p _ |2
sitel0,1]s#t (A2t — s|? + 2 |z — y|?)
TFY

a/2

1 v % “
< maX{Aﬂ( ) } lallga o, xma) -

1

Therefore, by the definition of F on [t;,t]"),

1 1 )i @
IE(a)ll o (e, ) x ey < MmaX{A,ﬂ( = } lall e o,y xre) - (4.34)

1

We estimate the two arguments of the maximum separately. For 1/A;, by the definition of A;
in (4.20) and since 2¥ > 2/(2% — 1),
1

2(V+1)iAil+Oc
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Note that v > 1 since 5 < 1. Since (1 4+ a) < 2, the above expression is largest for i = 1.
Using that Sa < «a, we obtain

1

—(14v)+B+Latrv+ra —14+B+atva
72('/“)%}*0‘ <2 <2 <1. (4.35)

The last inequality follows from a < ;—f For the argument 2(“t17 of the maximum in |D
by a < h—f we have

1 2 .2

(1-8)i 9—(v+1)i o84 _ o—vi
s, < 27" P g =2 g <L (4.36)
From (4.34)), (4.35) and (4.36]) we conclude
”F(a)Hca([n,t;n]de) < CvﬂHcha([o,l]de)v (4.37)

where C, g < 1 is independent of 7.
Let a,a’ € A. Because F(a)(t) = F(a')(t) for every t that is not in [¢;,¢") for some 4,

[F(a) = F (@) g, = sup [|F(a) = F(@)]] o, emray
’ 1€EN v

’ , (4.38)

- S.lellg [F(a—a )HCCX([ti,t;"]XRd) <lla = a'llg(jo,11xr2)

It remains to estimate the C*-norm of F'(a) on the intervals [/, t;41]. By definition of C*

and (122),
e @
1 (@)l g g0y 1m0 < 2IF @3l a1y 1V 60 F @Ol oo 1 11xma)

2

1 . )
< ﬁ”dn?@o max{ 21} Hv(t,:v)&<t7 T 2*1/(’L+1)*17 27111) o
i =

Ai ’ Ltooz

We estimate max{1/A;,2'} < C32" and use (4.25),

HF(Q) ‘|CQ([t;",ti+1}><Rd) < Cd,a,ﬁ 9—i 9if gia 2(1/(’L'+1)+1)a

4.39
< Cyaw ﬁ2—1’(1—o¢—ﬁ—o¢1/) . ( )
Since a < }:L—f, this is largest for ¢ = 1.

We can now complete the proof of the Proposition. By (4.31)), (4.33), (4.37) and (4.39), F'
maps A to A. By (4.29) and (4.38)), F' is a contraction. O

4.3.3 Construction of the solution w. Analogously to the construction of the vector field, we
obtain u as the fixed point of a contraction. Let 1 < v, A < oo and let U be the space of all

we L7(0,1; L' (R?)) N Lip([0, 1]; W~ (RY))
such that
Ulp=o = W, w— =u', uw>0ae., suppucC [0,1] x Q1(0).

Here Lip([0, 1); WA (R%)) is the set of Lipschitz-continuous functions [0,1] — WL (RY).
We define the following seminorm on Lip([0, 1]; W =LA (RY)).

" R VO R e
i .V{/fl)\ d - —
Lip([0.2) D) e s |s — ¢
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The norm of U is given by

lully = llull Lo 0,1;00 @ayy + 1llvipgo, ;-1 (Ray) -

We define a map G on U similarly to F'. Let u € U. If t € [t;, tI"), we set

Glu)(t,z) = 2v¥ ,;,C:d u(tht 2+ — ci(k:))> : (4.40)

If t € [t tiy1), we set

, t—tm . A

Glu)(t,x) = 2790+D 7 u( - 2 — e (k)); 27D, 2) . (A
kekd !

where @ is from Proposition 4 If ¢ = 1, we define G(u)(t, z) = u'(x) = xq,(0)-

Proposition 6. Letd > 2 and 1 <y, A < oo. If v > 2 and

vd A (4.42)

then G maps U to U and is a contraction.

We omit the proof of Proposition @ It can be found in |[BCK26|, Proposition 2.4.

Proof of Theorem[7. For every 0 < 8 < 1, (4.26) is satisfied for large enough v since r < d. By
choosing A > 1 close enough to 1, also (4.42)) holds. By the Banach fixed-point theorem and
Propositions 5] and [6] there exist unique fixed points a € A and u € U of F and G respectively.

Let ¢ € C(RY). To prove that a and u satisfy , we need to show that [p4 u¢dz is
almost everywhere differentiable in [0, 1] and for a.e. t € [0, 1]

d

— | updr = —/ ua - Vodz. (4.43)
dt Rd Rd

Since

/u(t,az)qf)dm—/ u(s,z)pdz
R4 Rd

< Jlu(t) = u(s)llw-1all@llwia

and u € Lip([0, 1]; W), the derivative on the left-hand side of (4.43)) exists for almost every
t € [0,1]. Let M C [0,1] be the set where [p,u¢dz is differentiable a holds. Since
a € C.([0,1] x R?) and u € L7(0,1; L*(R%)), the right-hand side of (4.43)) is a measurable
function on [0, 1], hence M is measurable.

By definitions and (4.41)), on [t]",t;y1) for all i € N>1, F(a) and G(u) consist of
scaled and translated copies of @ and 4. Thus ;. , (1", ti+1) C M by Proposition {dfand since
a and u are fixed points. On the intervals [t;,¢"), F(a) and G(u) are defined as scaled and
translated copies of a and u. Because a and u are fixed points and the measure of ;o [ti, 7")
is 1/2, we conclude )

Thus m! (M) = 1.
It remains to show that u € L>(0, 1; L' (R%)). By choosing ¢ in (4.43) such that ¢|g, ) = 1,

we see that
/ u(t,x) dx = / uldr =1
R R4

for every t € [0,1]. Since u > 0, also ||u(t)||;1 = 1 for every t € [0, 1]. O
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4.3.4 Translating cubes. We now show how to construct a and @ with the properties listed
in Proposition The construction here differs from the one in section 7 of [BCK26|. The
extension of the two-dimensional vector field by used there is not a vector field on R? when
d>3.

Let £ € R? such that |[¢] = 1. Let o = n(2|z]) € C((—1,1)), where 7 is a smooth cutoff
function defined in . With ¥(z) := Hf’zl ¥ (x;), we define the tensor

wfj(:z:) = (fzfﬂg - fgiﬂz)‘l’(x) )

and the vector field T'¢ : R¢ — R by
1 d
ré.— 1> 0w, (4.44)
j=1

Since supp ¥ C Q2(0), also I'¢ is supported in Q2(0). Moreover,
Mgy = 77 20056 — &) =
i1Q1 d—1 J J J d—1 4

Jj=1 J

(& —&dy) =&

d d
=1

Since w is antisymmetric and smooth,

d d
1
1=1 j=1

Next, we define a vector field 7(¢,x;s, 2%, 2') that moves a cube of side length s from
22 e R to 2t € R Let £ := (21 —29) /]2 — 2% and ¢ € C*°([0,1]; [0, 1]) such that (|j1/3 = 0
and (9731 = 1. We set

2(t) =20+ C(t)(2' - 2%)

and define
—z(t
T(t, 238,20, 21) = ]z’(t)]I‘§<x SZ( )> for t € [0,1], z € R?. (4.45)
Finally, we arrange 2% copies of 7:
a(t,z; s, 0) == Z T(t,x;s,ﬁcl(k),cl(k)) ) (4.46)
kexd
The solution @ is defined by
Aty ) = Xp(sea—cenecn (@), where P(s,0):= ) Qs(ter(k)),
ke{-1,1}4
By (4.45),
21 — 2|? 21— 2
|0yT| < Cg,ré <‘2’1 — 20| + 180‘> ) |V,r| < Cgr& |130’

In the definition of a, we set 2 = fc; (k) and 21 = ¢ (k). Since |e1 (k)| < /d/2 for all k € Kf,
and since 0 < £ < 1,

. 1—(l\/d/2+ 1 —¢*d/2 1
W<t,x>a|szdcc,psol—wd/ﬂ' e />§Cwﬁvd8'

The last inequality follows because 0 < s < 1. Since m?(suppI'¥) < 2¢ and |K{| = 2¢, we have
m?(supp a(t,-)) < 4% for all t € [0, 1].
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Appendix

In the following Proposition, we denote by L'(0,T; Clloc(Rd;Rd)) the space of functions f :
[0,7] x R? — R? such that f € L'(0,T; C}(K;R?)) for every compact K C R%

Proposition A.1. Letb € L'(0,T;CL_(R%RY)). Let Q C RY be open and X : [0,T] xQ — R4

loc

be a flow for b, i.e. X(-,x) is an absolutely continuous solution to with 2° = x for every
r € Q. Then X(t) € CH4RY) for every t € [0,T). Furthermore, DX (-,z) is absolutely
continuous on [0,T] for every xz € Q and

8:DX (t,x) = Db(t, X (t,z)) DX (t,z). (A1)

Proof. For every x € Q, let J(-,z) € WHL((0,T); R¥*?) be a solution of the linear differential
equation

O (t,z) = Db(t, X (t,x))J(t,x), J(0,x) = idga . (A.2)
For the existence of such a solution, note that for fixed ¢ and =,
Db(t, X (t,z)) : R4 5 R4 J s Db(t, X (t,z))J]

is Lipschitz continuous with Lipschitz constant ||Db(t, X (¢, ))||ga_ga- Here ||-||ga_ga is the
matrix norm induced by the euclidean norm on RY. Since X([0,7],2) C R? is compact,
| Db(t, X (t,x))||gd_sga € L*([0,T]). Thus the existence and uniqueness of a solution to
follow from the Cauchy-Lipschitz theorem. Since Db(t, X (t,x)) depends continuously on z,
also J(t,z) is continuous in x.

Let = € Q and let € > 0 such that B.(z) C Q. For h € B.(0), we define

rp(t,z) == X(t,x +h) — X(t,x) — J(t,x)h.

Our goal is to show that limp_,o7y(¢,2)/|h|] = 0 for all ¢ € [0,7]. By (A.2) and since
X (t,x) = b(t, X(t,x)),

%\rh(t, )| < [b(t, X (2 + h)) — b(t, X (£,2)) — Db(t, X (t,2)J(t,)h] . (A3)
Writing k = X (¢, + h) — X (¢, z), we have
b(t, X (1, 7) + k) — b(t, X (£, 2)) — /1 Db(t, X(t,x) + sk)k ds.
0
Thus
b(t, X () + k) — b(t, X (¢, 7)) — Db(t, X (£, 2))k
1

< |k /0 |Db(t, X (1) + k) — Db(t, X (t,2) [pu_pa s (Ad)

S ’k’ At(X(t7x)7 ’k‘) )
where

Ai(z,A) == sup [|Db(t,y) — Db(t, z)||ga_ga -
yEBA(2)

Define K := X ([0,T] x B-(x)) C R% Since X is continuous, K is compact. By combining

(A.4) with (A.3),
d
Z ()| < [Db(t, X (&) (k = J (¢, 2)h)| + [k A(X (¢, ), [k])
< ||Db(t, X (t ))HRMRd!rh(t )| + C|h| Af(X (t, z), C|h)

o1



Here C' = supy¢(o ) Lip(X (?)| B.(x)), which is finite by Remark Thus, by Gronwall’s inequal-
ity and 7,(0,2) =0

t
e, )] < exp(I1Db] 110 i) ) CIM /0 Ay(X (s,2), C|h]) ds

Since As(X(s,z),Clh]) < 2[[Db(s)]|¢, k), where K' := K + Bg/(0), by the dominated
convergence theorem

t

lim [ Aq(X(s,x),C|h|)ds =
h—0 Jo

Thus limy, 07 /|h| = 0 and X is differentiable in x with derivative DX (t,z) = J(t, ). O

Proposition A.2. Let Q@ C R? be open and bounded, with Lipschitz boundary 0Q. If u €
BV (Q), then u € W(Q) for every 0 < s < 1 and [ull sy < CQ7S(H'LLHBV(Q) + ||u|]L1(Q)).

Proof. We extend u by 0 to R? and denote the extension also by u. By [EG15|, Theorem 5.6
(p. 204) and Theorem 5.8 (p. 210),

lull By ey < CallullBv ()
Therefore, it suffices to show that
lullwes ey < Cas (il vy + Il ey -

First, we change variables w = z + h in the definition of [u]yy s ga).

lu(2) (z+h)|
s d dz = dhd
Ul ) = /Rd /Rd |z — w\‘“s = /Rd /Rd |h|d+8 :

Next, we split the integral over h for |h| < 1 and |h| > 1.

1 lu(z) — u(z + h)| / 1
Ulprs,1(Rd S/ / dzdh + 2||u d ———dh
[ulw L(R4) B, [R5 Jra ] | HLl(R) B\ B, |h|d+s

Since s > 0, the integral of 1/|h|%** over R?\ By is a constant only depending on d and s. By
applying Holder’s inequality to the integral over B;, we get

1 |u(z) —u(z + h)|
worgn < | dh d )
[u] ARy < /Bl s sup </Rd 7 z|+C 7d”uHL1(Rd)

heBy

< Codllull gy ray + Cs.allull 2 ray -
Here, we used that
lu = u(-+ B)l| prray < |Pllull gy ra) - (A.5)

The estimate (A.5]) follows from an approximation by smooth functions, see |[EG15|, p. 199.
Furthermore, s < 1 implies that the integral of 1/|h|9T5~! over By is finite. O
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